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Chapter 1 
Introduction 



Einstein's general relativistic theory of gravitation (see e.g. ||Mis 73|| and references 



therein) is based on a semi-Riemannian geometry. This spacetime geometry is char- 
acterized by a pseudo-Riemannian metric g^^j and a hnear connection r"^/3, which 
is compatible with the metric, 

^l^QaP = d^Qap - T^f^ag^p " T^^/j^fo^ = , (l.l) 

and has vanishing torsion 

TV := r"^/3 - rV = . (1.2) 

These two requirements uniquely determine a special connection, the Levi-Civita 
connection 

T^f^ = := ^^7"^ id,g,^ + d^g,, - d,g,p) . (1.3) 

Within this semi-Riemannian geometry, the mass-energy of matter influences the 
spacetime via the Einstein's field equation 



Glp = T™^ , (1.4) 



where G*^ is the Einstein-tensor, k = SnG/c^, and is the energy-momentum 
tensor of matter. Since G*^ is a tensor built from the Riemann curvature, the 
Einstein equation describes how the mass-energy of matter curves the spacetime. 
As far as macroscopic bulk matter is considered, the physical property of the matter 
is sufficiently characterized by this energy-momentum equation. However, on the 
microscopic level, the elementary particles are described by quantum mechanics 
and are not only characterized by mass, but also by spin. Therefore, to consider 
gravitational phenomena also on the microscopic level and to make general relativity 
more compatible with quantum mechanics, it seems necessary to take into account 
the influence of spin on the geometry of spacetime. 
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This aim is achieved in the so-called Einstein-Cartan theory by the use of 
an extended geometry. The crucial feature of this geometry is the non- vanishing 
torsion of the linear connection. Torsion was originally introduced by E. Cartan 



Car 22| , [Car 23-25[| , who also developed a general relativistic theory with torsion, 
which contained the rudiments of the Einstein-Cartan theory. Surprisingly, al- 
though the spin of elementary particles was unknown at that time, he expected a 
connection between torsion and the intrinsic angular-momentum properties of mat- 
ter.Q The Einstein-Cartan theory in its final form was developed by many authors 

Kib 61| , |Sci 62| , |Heh 6(j| , [Ira 71,7^ , [Heh 76| . For a review see ||Heh 76|| . The geom- 



etry of the spacetime is now described by the so-called Riemann-Cartan geometry, 
in which the connection F"^/? is only required to be compatible with the metric 
but is allowed to have non- vanishing torsion contrary to the torsionless Levi- 
Civita connection. Due to the metricity condition (|1.1|) the connection now becomes 
IHeh 7611 



M/3 - 1 fiPi + l^KJ^ti 13 + -1^13 ^Ji + -L tif3j 



:i.5) 



where the second expression on the right side is called the contorsion tensor. This 
generalization of the connection not only enables the spacetime to respond to mass 
as before in the general relativity, but also to spin, where spinning matter produces 
torsion and thus generates a non- vanishing contorsion in (|1.5|) . 

To illustrate the new features of the Einstein-Cartan theory, let us consider a 
Dirac spinor ip- It is coupled to the full connection (|1.5|) and, especially to torsion, 
by means of a covariant spinor derivative. By employing the variational principle 
to an appropriate Lagrangian density the following field equation for the torsion is 
obtained [|Heh 71 

1 



Z 



:i.6) 



Here = hck is the square of the Planck length and rjajs^s is the volume form, see 
( p.4|) . Note that the right-hand side of ( |1.6|) is proportional to the canonical spin 
density of a Dirac particle, see ||Rom 69| , p.tz 80|| . Due to the presence of torsion, the 
energy-momentum equation, which is obtained by varying the Lagrangian density 
with respect to the metric, now becomes 

^:^oV/3(^7V^)(?7S^), (1-7) 



rpm I 



16k 



where T^^ is the usual energy-momentum tensor of Dirac particles already present 
in general relativity. The second term on the right side of ( |1.7| ) describes a spin- 
spin self-interaction induced by torsion, which was absent in the energy-momentum 

"'^ Besides this connection between torsion and elementary spin in the framework of general 
relativity, the geometrical concept o f torsion is also employ e d in the solid state physics for the 
description of dislocations in solids | Bil 55 , Kro 64 , Kro 81 , Kat 92 . Furthermo re, there is an 



interesting link between both types of torsion-theories [ Heh 65a , Heh 65b , Heh 66 1. 
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equation ( |1.4]) of general relativity. Since this interaction occures only when matter 
fields overlap with each other, it is called a contact interaction. It does not only 
infiuence the curvature via ( p.. 7] ), but also creates a cubic self-interaction in the Dirac 



equation |Heh 71 



:i.8) 



where V* is the covariant spinor derivative with respect to the Levi-Civita connec- 



tion, see ( p.35|) . 

Besides this well-known aspect of torsion in the framework of Einstein-Cartan 
theory, another physical role for it has been suggested in several works on the unifi- 
cation of gravity and electromagnetism. These works originated from Einstein's own 
approach to an unified field theory pin 55|| , in which he considered an arbitrary lin- 
ear connection and a non-symmetric metric ^0/3(7^ gi3a), of which the antisymmetric 
part was identified with the dual of the electromagnetic field strength.^] To remedy 
the serious drawbacks ||lnf 50| , |(Jal 53|| (see also | [Fau 58|| ) of Einstein's field theory 
several authors have suggested to identify the torsion trace (or torsion vector) 



T„ = T 



fj,a 



afi 



[1.9) 



of an arbitrary linear connection with the electromagnetic vector potential in an ad 
hoc manner ||Bor 76a| , |Mof 77| , [Kun 79 



A 



At ) 



;i.io) 



still considering a non-symmetric metric. McKellar |[McK 79| and Jakubiec and Ki- 
jowski ||Jak 85|| deduced this relation ( |1.10| ) very naturally using only the variational 
principle and avoiding any ad hoc assumptions. Also, the somewhat unnatural con- 
cept of a non-symmetric metric was withdrawn. 

McKellar considers the usual metric and an arbitrary general linear connection 
r"/i/3, which is neither compatible with the metric nor torsionless. As the result of 
the field equations, the connection is restricted to be of the form [[McK 79| 



\l3 - {^At/S} + 3^"/3^A' 



:i.ir 



Furthermore, his field equations resemble precisely the source-free Einstein-Maxwell 
equations, provided that ( |1.10|) is assumed. 

Ferraris and Kijowski ||l^er 82|| arrive at the same field equations as McKellar, 
but they do not conclude (|1.10|) , but consider T"^a = {°Ai«} + I-^a" which is not a 

^Similar attempts at an unification of gravity and electromagnetism were considered by many 
other authors, see e.g. jEdd 2l| , |Sch 54 |Ton 55| , |Kur 52| , |Kur 74 1. 
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vector, as the electromagnetic potential and develop a U(l) gauge theory differing 
from the usual understanding. 



Jakubiec and Kijowski consider in ||Jak 85|| the same theory as Ferraris and 
Kijowski [[I'er 82|| , but now the relation ~ is adopted implicitly. Although 
Dirac spinors are included in their unified theory ||Jak 85|| , the employed spinor 
derivative is mainly built from the Levi-Civita connection, and from the general 
linear connection F"^/?, merely its trace F°^a couples to spinors properly. Since the 
torsion of F"^/} does not couple to spinors, the spin-torsion aspect established in 
Einstein-Cartan theory is missing in their theory. 

The drawbacks of the above mentioned unified theories are twofold: 
First, the identification ~ ( |1.10|) lacks a clear geometric and physical 
meaning, because the torsion trace is an ordinary vector but not a gauge potential. It 
remains invariant under U(l), while A^ transforms in the well-known inhomogeneous 
way as a potential. This inconsistency can not be remedied by introducing a so- 
called A-transformation, first introduced by Einstein in another context ||Ein 55|| , 
by which can formally be transformed like a potential [[McK 79|] . What is really 
missing here is a clear fibre bundle geometric conception, from which a consistent 
U(l) theory can be deduced. Another related problem with unified field theories is 
the missing physical interpretation of the resulting connection ( 1 . 1 1|) : Since it is not 
compatible with the metric, V^Qap = ' 5'a/3 0' must not be applied for the 

parallel transports of signals on the spacetime: Otherwise, this would lead to the 
dependence of physical invariants upon their histories like in Weyl's unified theory 
|Wey 22| . Therefore, it is necessary to decompose the whole connection ( |1 . 1 Ij ) into 
a metric part and a "non-metric" part. But this can be done in several ways, for 
example, as 

= [{>}] + [^5"/3T,] or (1.12) 

rv = + + + (1-13) 

In both examples the first bracket [. . .] represents a connection compatible with the 



metric. Although the field equations seem to suggest that the metric part of ( 1.11 ) is 
provided by the Christoffel symbol alone, there is no rigorous geometric justification 
for this assumption. 

Secondly, although the linear connection used in these unifications is much 
more general than the Lorentzian connection (|1.5|) of Einstein-Cartan theory, the 



important spin-torsion coupling is missing either because spinning matter is not 
considered ||McK 79| , [ber 82|| , or because the treatment of Dirac spinors is somewhat 



inappropriate ||Jak 85 



In my diploma thesis Por 94| , [Hor 95|| I have proposed a new theory of gravity 
and electromagnetism, which incorporates both aforementioned aspects of torsion. 
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To achieve this purpose it is necessary to further expand the spacetime geometry by 
introducing a complex rather than a real linear connection and an extended spinor 
derivative based on this connection. Contrary to fJak 85|| , this new spinor derivative 
not only couples the trace part, but also other components including the contorsion 
of the linear connection to Dirac spinors. As a consequence of this "tight" coupling, 
the resulting field equation for the connection can not be solved in the real numbers 
but require complex degrees of freedom. Thus, it is necessary to consider a complex 
linear connection. Through the consideration of spinorial matter it is possible to fully 
clarify the underlying fibre bundle geometry of this theory, and, as a consequence, 
especially its U(l) structure. Due to the new spinor derivative, both aspects of 



torsion must be revised: First, the long-standing and unsatisfactory relation (|1.10|) 
turns out to be merely a formal remnant of the new fibre bundle geometry. Instead, 
the electromagnetic potential is truly related to another vector part S'^ via ( p.47|) . 
Secondly, the torsion-induced spin-spin contact interaction now only occurs between 
distinct particles. The missing of the self-interaction leads to the vanishing of the 
second term on the right side of ( |1.7| ) and also of the cubic spinor term in ( |1.8| ), if 
a one-particle system is considered. 

The field equations are derived directly from the variational principle and do 
not require any ad hoc assumptions. Formally, they resemble precisely the well- 
known equations of Einstein-Maxwell theory with charged Dirac particles. But 
this physical interpretation is now fully justified by the structure of the underlying 
fibre bundle geometry, according to which the resulting complex connection can 
be decomposed into a gravitational Lorentzian (that is, compatible with the metric) 
connection and an electromagnetic vector potential. This splitting of the connection 
together with a characteristic length scale in the theory suggests that gravity and 
electromagnetism have the same geometrical origin. 

Although the main part of this theory was developed in the diploma thesis 
|Hor 94| |, there are still many features of the theory, which were not clarified rigor- 
ously and therefore deserve detailed considerations: 

First of all, the exact role of the torsion trace and its connection to the "true" 
underlying bundle structure were not analysed exhaustively. It was stated in ||Hor 94|| 
that the true electromagnetic vector potential is not given by the torsion but by some 
another vector part, S*^, of the connection. But formally, the torsion trace is still 
related to and seems to play a role in electromagnetic phenomena. This point 
was not clarified in the diploma thesis. In this work I will show rigorously that 
torsion is connected to electromagnetism not physically but only formally. For this 
purpose, the electromagnetic vector potential in the resultant complex connection 
of the theory will be detached from the tangent frame bundle of the spacetime 
manifold. Since torsion is a tensor defined on the tangent bundle of the spacetime, 
torsion will be disconnected from electromagnetic phenomena in this way. This will 
also help to clarify the gauge transformation aspect of the electromagnetic potential 
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and its connection to torsion. 

We may say that the long-standing relation ~ is no leading principle for 
an unification of gravity and electromagnetism, but rather a formal first hint that 
both physical phenomena can be explained through the geometry of spacetime. 

To understand how the vector potential originates from the intrinsic spacetime 
geometry, we must consider the underlying fibre bundle background geometry of our 
theory very carefully. This makes necessary to reconsider this fibre bundle structure 
developed in the diploma thesis, since there some essential points were skipped. 
The decomposition of the resulting complex linear connection into its metric part 
and an electromagnetic part, and the corresponding decomposition principle of the 
extended covariant spinor derivative, which are vital to the understanding of the 
unifying principle of our theory, will be treated in detail in this work. In so doing, 
we will notice why it is not possible in our theory to consider arbitrary U(l) principal 
bundles for electromagnetism but only the trivial bundle M x U(l). Also, we will 
correct an error occured in the derivation of the connections in the diploma thesis. 

In the diploma thesis, I have employed a real orthonormal tetrad field to pull 
back a complex connection 1-form from the complex frame bundle Fc{M) onto the 
spacetime manifold M without further explanation. In this work I will explain 
and justify why this real valued structure is used in an otherwise entirely complex 
geometrical structure. 

Finally, the spin-spin contact interaction of the new theory will now be inves- 
tigated in detail by considering the energy eigenvalues of Dirac test particles in a 
background torsion field and also by quantizing the interaction Hamiltonian in the 
first Born approximation. 

The organization of this work is as follows: 

In the second chapter we represent the new unified field theory of gravity and 
electromagnetism. Although details of the computations can be found in the diploma 
thesis i pior 94|| and therefore will not be repeated again, the presentation in this 
work is kept fairly self-contained. In addition, the essential structures of the field 
equations are now clarified, so that they can be understood quite easily without 
going into details. More importantly, the physical content of the theory, which was 
outlined in the diploma thesis, is now explained in great detail. We clarify the 
basic building principle of our theory and its physical consequences. Also, the above 
mentioned formal aspect of torsion and its link to the basic geometrical background 
are explained. 

In the third chapter the fibre bundle geometry of the theory is examined in every 
detail. First, some special topics from differential geometry are provided, which 
will be needed to explain the various construction steps of our fibre geometrical 
background: Although the basic concepts of the differential geometry like principal 
fibre bundle, connection 1-forms, and covariant derivatives are by now fairly well- 
known, there are special topics of differential geometry, which, in my opinion, are 
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less familiar: For example, the local representation of the fibre geometry based on 
cross sections, mappings of connections, and the real and complex spin geometries. 
After these preliminaries, the bundle geometry of our theory is constructed step by 
step, and the beforementioned points on the geometrical background of the theory 
will be discussed. 

In the next chapter, we consider the spin-spin contact interaction of the new 
theory and discuss its differences to the interaction of the ordinary Einstein-Cartan 
theory. First, we study the classical Dirac equation of a test particle in a back- 
ground torsion field caused by a classical plane wave field. Contrary to the contact 
interaction of the Einstein-Cartan theory, which is universal ||Ker 75|| , that is, does 
not depend upon the interacting particle types, this is no longer the case for the new 
contact interaction: Now the interaction between two particles or two anti-particles 
differs from that between a particle and an anti-particle. However, if both types 
of contact interactions are quantized, and if identical particles are considered, then 
both interactions turn out to be non- universal. 

The final chapter gives a summary of the results and an outlook on future 
research. 



Chapter 2 



The Theory of Gravity and 
Electromagnetism 



2.1 Lagrangian density 
2.1.1 Metric and tetrads 

As mentioned in the introduction, the theory [[Hor 94|| employs a complex linear 
connection. Further field variables are a metric or orthonormal tetrads, and Dirac 
spinors. Note that tetrad fields are needed to define Dirac spinors appropriately, see 
e. g. 



Heh 71 



To introduce these field variables and their Lagrangian density, from which 
the field equations will be computed using the variational principle, let us consider 
a real 4-dimensional spacetime manifold, denoted by M. Let F{M) be its frame 
bundle, which is a GL(4, H) principal bundle consisting of all tangent frames. We 
assume that M is endowed with a pseudo-Riemannian metric Qf^,^, so that F{M) 
can be reduced to the Lorentz subbundle consisting of orthonormal tangent frames 
only. Assuming further that M is space- and time-orientable with respect to g^^^, this 
Lorentz subbundle has exactly 4 connected components, by the choice of one of which 
we introduce a definite space- and time-orientation on M | [Ble 81| , |Bau 81| |. This 
chosen subbundle is called the special Lorentz bundle L^{M), which is a principal 
bundle consisting of orthonormal tangent frames such that the structure group is 
given by the special orthochronous Lorentz group with Lie algebra I, 

Lt := I A e Mat(4,lR) I A^r/A = r/ , det A = 1 , A°o > l| ; 

(2.1) 

I = {A G Mat(4,lR) I A^r/ + r/A = 0} , 

where r] = {jjah) = {rj"-^) = diag(l, —1, —1, —1). A tetrad a = {cttd^) is a local cross 
section in L|'(M), where latin indices, running from to 3, are anholonomic indices 
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and will be lowered and raised with rjab and t] , respectively. Greek indices run 
also from to 3 and refer to local coordinates. They are lowered and raised with 
Qfj^i, and g^'^, respectively, the latter being the inverse of g^^^. Let {e^-^dx^) denote 
the reciprocal tetrad satisfying e/e% = 5^^ and e/e^^ = 5^a- Since the tetrad 
= {^./dfj) is orthonormal, it satisfies 

g/.uefeb" = Vab , (2.2) 
which results in the following relations: 

^M- = e/e'^% g^, = eaf,e%, ^ := | det(e"^)| = y^- det((7^,) . (2.3) 

The components ej^ and e"^ will be used to convert coordinate indices to anholo- 
nomic ones and vice versa. With the help of the determinant g, the volume element 
on M reads 

Va/S-fS '■= g ■ Ga/S-rS , (2.4) 

where ea/s-ys is totally antisymmetric in its indices and €0123 = +1- 



2.1.2 Complex linear connection 

Let (D (S> TM be the complexified tangent bundle of M. Contrary to F{M), the 
complex frame bundle Fc{M) consists of all complex tangent frames of (D®TM and 
is a GL(4, (D) principal bundle naturally containing F[M) as a canonical subbundle. 
Since L^(M) is naturally contained in F{M), a tetrad a = (e/(9^) is in particular 
a cross section in F{M) and thus also in Fc(M).Q 

A complex linear connection u is a. GL(4, (D) connection on Fc{M), which can 
be pulled back to M locally with the tetrad a, yielding a gfZ(4,(D)-valued 1-form 

{a*u;)%=:T\,dx^ , (2.5) 

which we call also a complex linear connection. 

In the first instance, the real-valuedness of the tetrad a seems to be confusing 
with respect to the complex structures introduced. We remark that the whole 
theory remains valid if we allow also for complex tetrads, which are cross sections 
of the special complex Lorentz bundle CL^(M) containing not only real, but also 
all complex orthonormal tangent frames in (D ® TM, see |3.2.4| . This is due to the 



fact that the metric, and hence all expressions derived from it (like the Levi-Civita 
connection, Einstein-tensor etc.) and also the matter currents ip'-j^ip and ip'^^'^^ip are 
gauge-invariant expressions and thus remain real valued in any case, guaranteeing 
the same field equations and their physical interpretations as in the real tetrad case. 



^For more information on differential geometry see tlie next chapter. 
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In order to show this invariance exphcitly, let {fctd^) denote a complex tetrad 
field. Then, since any two tetrads, regarded as cross sections into the complex 
Lorentz bundle (DL+(M), are connected by a gauge transformation (see p.l.6| ) of the 



complex Lorentz group CL"*", there exists a valued function A''^ with 

// = ei'A'a , (2.6) 

where are the components of a real tetrad, which is viewed here as a special 
complex tetrad. Since, by definition of (see ( p.59| ) or simply the complexified 
version of ( p.l|) ), 

^"aVcdA\ = Vab , (2.7) 

we have for the inverse metric the desired invariance: 

g''" = ffVabK = ea^Wb^ . (2.8) 

Thus in particular, the metric g^^ and also g^y are always real valued quantities. 
The real valuedness of the currents ifj'^'^il) and tp'j^'-ff^^ can be verified in a similar 
fashion, using a spin gauge transformation instead of the Lorentz transformation. 

The reason why we have restricted the tetrads to be real valued is that we 
want to avoid confusion concerning their physical meaning as orthonormal refer- 
ence frames, this being necessary for example to describe the physics studied in an 
observer's laboratory | |[Vlis 73[ |. 



The connection was introduced in (|2.5| ) in its anholonomic, tetrad components. 
Its corresponding coordinate components are obtained by the rule 



M/9 



ea"eyV + ee"9^e'=;3. (2.9) 



These components transform in the well-known inhomogeneous way under coordi- 
nate changes. The curvature tensor, Ricci tensor, curvature scalar, and the curvature 
trace of the complex linear connection are defined in its anholonomic components 
as follows^ 

R%fiu = dfjT%h + ^^fic^'^ub — duT'^fi.b — r"i/cr% ' (2.10a) 

Rfiu = R^av ■ ^a" G^fi ] (2.10b) 

R = R%fiu ■ ef e'" ; (2.10c) 

V = i?V = ^^r^a - 5,r% . (2.iod) 

It is important to note that since F"^;, is an arbitrary complex linear connection, it 
is not compatible with the metric in general. Using the above coordinate expression 

^We remark that the holonomic, i.e. coordinate, components of the various tensor quantities 
in ( ^.ICj ) can be obtained simply by employing the tetrad components. For example, R^pfj.u = 
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9D it is easy to show the following equivalence 



—^"'aG^piXbijLa + Tq 



Thus we obtain a simple metricity condition in terms of the anholonomic connection 
components, 

^f.9ap = ^ r,^6 + rb^a = 0, (2.11) 

where the right equation is precisely the condition of the Lie algebra I ( p.l| ) of 
the Lorentz group L'^ (to be more precise, of its complexified version), see ( p.48D . 
Therefore, a connection which is compatible with the metric will be called henceforth 
a Lorentzian connection. 

Since in our theory T°-^i, does not satisfy ( p.ll| ), its trace r^^^ does not vanish 
in (|2.10d|) in general. Note that T%a is a vector, contrary to T%a- 



2.1.3 Extended spinor derivative 

It is well-known that spinor derivatives can be constructed not only from the Christof- 
fel symbol (see, for example, ||DeW 64]| ) but also from any Lorentzian connection 
with non- vanishing contorsion [ Heh 71|| . Such a connection F^^fe compatible with the 
metric defines the following spinor derivative (for details, see |3.2.3| ) 



(2.12) 



where the 7-matrices satisfy 7^*7^ + 7^7'^ = 2ri"'^l. In ( p.l2| ) the product 7''7'^ has 
been employed instead of the commonly used Lorentz generators^ 



ba 



a 



:(7 7 -77) 



(2.13) 



in virtue of the metricity condition Ta^b = —^bfia ||Heh 71| , |Heh 91| , [Law 89| , [Ber 91 



If we now omit this condition and use our complex linear connection instead, its 
non- vanishing trace part Ta^b ■ + 7^7^) = Ta^bV^"' = ^"'fj.a also contributes to 

the spinor derivative. 



d^ij - ^Ta^bcr'^iJ - Jr%^ . (2.14) 



Note that at this stage (|2.14|) is rather a formal extension since it is only covariant 
but of course not with respect to GL(4, C). Its full geometric meaning is expounded 

■^In physics, Lorentz generators are usually defined to be i times our cr'"', which then are her- 
mitian matrices. But for our purposes it is more convenient to work without the factor i. 
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in the next chapter. We remark that this extension is not unique, since a''" could 
have been replaced equally well by —7^7^ or, more generally, by cr^" + £ ■ r/''". Due to 
this freedom, spinors with any multiple of the elementary charge, ee, can be treated, 
see 



2.1.4 Lagrangian density 



We introduce the adjoint spinor ip := ip'^'j'^, 'j^ := ''y°'e/, the mass of the spinor 
particle m, k = SirG/c^, the Planck length Ig := y/fick ^ 8-10~^^m and a length scale 
/ to be determined later. Using the extended spinor derivative and the curvature 
expressions derived from the complex linear connection in ( p.lO|) we write down the 
following Lagrangian density 



--: g-hc 



-Y 

?TZC 



9_ 
k 



g_ 

2k 

- , 1 



- ^ Ak 



ill ^-i^^^i) - mc'ki)^) -i^R+ -rY^uY^"" 



(2.15a) 
(2.15b) 

(2.15c) 



Note that this Lagrangian is complex valued. We must consider this whole complex 
expression and not only its real part, since otherwise the contribution of the full 
complex connection would be taken away from the theory, making it meaningless.^ 
Obviously, the three parts Cm, Cg-, and Ly resemble the usual Lagrangian densities 
of spinorial matter, gravity, and the electromagnetic field, respectively. But now 
they are all complex valued and, whereas expressions similar to Lq and Ly for a 
real connection were already used in [[McK 79| , |Jak 85|] , the matter Lagrangian L^. 
including the extended spinor derivative ( 2.14 ) is new and plays a key role in our 
unification. 

Note also that the introduction of the characteristic length / is necessary from 
purely dimensional arguments.^ In ( p.l5|) it is possible to relate this length scale 
/ with the already given Planck length /q. Regarding the last term of ( |2.15c| ), we 
recognize as the self-coupling constant of the connection and, looking at the first 
term, l\ as the coupling strength between the connection and the Dirac particles. 
Since Dirac fields are vector fields on a certain spinor bundle, which in turn is closely 
related to the intrinsic spacetime structure]^ it is legitimate to consider Dirac spinors 
as intrinsical geometrical objects of the spacetime, at least on the non-quantum 

^For another interesting complex Lagrangian theory of gravity we refer to Ashtekar's formulation 
of general re lativity | Ash 91 L which might be related to the complex structures developed in this 



chapter, cf. jMag 87ilGW93 |. 

^The partial derivatives 9^ and the connection have the dimension of inverse length. 
^Spinors can be introduced on a spacetime manifold M provided that it possesses a spin- 



structure with r espect t o a given metric, see |3.2| . The existence of such a structure is a topological 
property of M | Bau 81 , Law 8£ ]. Since in most cases, a spacetime M posseses a spin structure 
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level. Thus, /q and / both describe couplings between objects belonging to the 
same intrinsic spacetime geometry and should therefore be of the same order of 
magnitude. If, on the other hand, the unknown length I turns out to be drastically 
different from the Planck length l^, we may say that the Lagrangian (|2J[5| ) does not 
provide a physically sensible theory. 



2.2 Field equations 



The field equations are obtained by the action principle based on the Lagrangian 
constructed in (|2.15|) . The variation acts independently on the field quantities T°-^b, 
i/j, ijj and e/. Since in our Lagrangian no second derivative is present, the Euler- 
Lagrange equations will be of the simple form 



^ 6C dC ^ dC 

6v dv " ddyV 



(2.16) 



where v is an arbitrary field component. In the following only an outline of the 
calculations is presented. For the full computations we refer to [[Hor 94 . 



2.2.1 Field equation for the connection 

To simplify the computations, we subtract the Levi-Civita connection (|1.3|) from 
the complex connection (in its coordinate components, see (|2.9|)) 



Set THQ (a ^ 



(2.17) 



Being the difference of two linear connections, S"^^ is a third rank tensor, which is 
complex valued in general. As mentioned in | |Hor 94|| , any such third rank tensor 
admits a "4-vector decomposition" 



(2.18) 



where the four vectors Sp, U^, Vs and the "tensor rest" Ta/S'y are defined in the 



appendix, see ( [A.2| ). This tensor restQ satisfies T^'a-y = 



■ya 



Ta 
7 a 



T[a/37] 



0. The volume element rjajs-ys was defined in (^^ ). With (|2.17| ) and (|2.18|) the 
connection can be decomposed asP] 



(2.19) 



I Ger 65 , Ger 70| , we may say that Dirac spinors are natural geometric objects on M like ordinary 
vector fields on the tangent bundle. 



'^For an explicit example of T^^g-y see ( A. 5 ) 



^Note that this decomposition is not irreducible in the sense of | McC 92 1, but is introduced for 
computational convenience. 
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Using ( p.lTp only, the field equation for F^^f, following from ( p.l5|) reads 




+ Cg + Cy) ■ 5\ e'^" e,^ ■ - 



(2.20) 







1 



1 r 
2 



(2.21) 



where V* denotes the covariant differentiation with respect to {"^/j}- The bracket 
[. . .] on the left-hand side pertains to the Lagrangian Cq and can be expressed with 
the 4-vector decomposition ( p.l8|) as follows: 



.1 



_|_ 1^7/3"<5y^ _ ^■Y/3a7 _|_ ■y-T^")] 



(2.22) 



Note that in ( p.22| ) there is no term containing derivatives.^ We now define the 
vector current := ip'~^'^ip and the axial current f"^ := ipj^j^ip. Inserting (|2.22|) 
into ( |2.21| ) and contracting ( ^.21| ) successively with gj3y, ga-y, gap and 1/6 ■ rj^paS we 
obtain in this order 










-^/2.r-3Q° 



uf3 



One can easily derive 



(2.23a) 
(2.23b) 
(2.23c) 
(2.23d) 

(2.24) 



Inserting this result and (|2.23c| ) back into ( p.21| ) we obtain Tajj-y = 0. Since the 
Levi-Civita connection is compatible with the metric, it follows from ( |2.11| ) that its 
anholonomic components fulfill {"/^a} = 0. Using this fact and the equations (|2.17|) 
and (^.24|), it follows 



ra 



fia 



fia 



Q.+AS. + U.=AS, 



(2.25) 



^This pleasant feature is due to the decomposition ( 2.17 ): In calculating SCc/SV^f^b, we en- 
counter the expression du{5CG / d^SV^^b) according to ( 2.16 ). As can be seen from the structure of 
the curvature ( 2.10| ), this expression contains merely partial derivatives of various tetrad compo- 
nents. But these ca ncel exactly with the Levi-Civita parts contained in dCc / dT°-^i,h. For details 
we refer to [ Hor 94 1. 
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and thus from ( p.lOd| ) 

V = 4^^. := 4(9^5, - d,S^) . (2.26) 
Inserting (|2.24|) and TajS^y = into ( p.l9|) we obtain 



r\b = fV + n-S^, where (2.27) 
f% := {%b} + \ll{t-fet,-fe%jt-v'',Mf') (2.28) 



and, from (|2.23c| ), 

16z(/V^o) V;^''^ = f . (2.29) 
The last equation imphes the current conservation 

v;f = mif/il) v^vjs'^^ = . (2.30) 

Note that so far we have not used the complex extension of the connection explicitly 
in the calculations. But from ( |2.27| ), ( p.28| ) and ( |2.29| ) it follows that the connection 
must be complex valued. In other words, these equations can not be solved using 
a real connection only. This is exactly the reason why we have chosen a complex 
rather than a real linear connection as our field variable. It is obvious that these 
complex contributions are solely due to the presence of Dirac fields, since, if Dirac 
fields were not present, all of the above field equations could be considered real 
valued: In this case, we would obtain instead of ( |2.27|) and ( p. 291 ) 



rV = {\b] + 5\-S^, (2.31a) 
= 16i(/V/,2) V;^"^ . (2.31b) 

Thus, without Dirac spinors, complex geometric structures become superfluous. 
We observe, that the connection part F^^f, satisfies 

^a^lb = —Tfe^ia (2.32) 

and therefore defines a Lorentzian connection, that is, a connection compatible with 
the metric, cf. ( |2.11| ). 

2.2.2 Dirac equations 

The Lagrangian (|2.15| ) immediately yields = dC/dip = dCm/dip or, equivalently, 

TTIC 

^T'^V^^ - —V; = , (2.33) 
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wherein is given by the extended covariant spinor derivative (|2.14| ). The equation 
( |2.33D can be reexpressed with the help of ( p. 141) and (|2.18|) as follows: 



(2.34) 



where the symbol V* is used for the covariant derivative with respect to {"^/j} as 
well as for the corresponding spinor derivative 



(2.35) 



Upon inserting the field equation for the connection ( |2.24|) , replacing the vectors f/^ 
and by = —ill/Ai^ and = 31"^ j^^, respectively, the Dirac equation becomes 



mc 



The spinor equation for ip is more difficult to compute |[Hor 94||. The result is 



(2.36) 



TY) f X 

^(V; + S,)^ . + - -/2^(j^ + f^j^)Y = (2.37) 



with V*'ip = V*ip- Contrary to the Dirac equation of the Einstein-Cartan theory 
( |1.8D , the nonlinear terms in ( p.36| ) and ( |2.37| ) vanish due to the identity 



f2.38) 



see 



Hor 94|| . Note that ( p.38| ) is more stringent than the well-known Pauli relation 
j^jfi + J^^J^At = 0, which can be obtained from ( |^.38| ) by contracting from left by ip. 



Since ( p.37|) is the spinor equation for the adjoint spinor ip, it must agree with 
the adjoint of the first equation ( ^^.36] ). This immediately implies that S"^ is purely 
imaginary, 







(2.39) 



2.2.3 Field equation for the tetrad 

The Lagrangian (|2.15|) contains no derivatives of ej^. With the help of (|2.3| ) we get 



6C 



d 



— "^77^ {^m + £-0 + C-y) ■ ecf3 

1 



Sec'' 9e,„ 

-'Cm gap + gihcij'Ja'^pi' 



2k 



[-9R9ai3 + 9Ra% + gR^c 



+ -^l^ [-gY^.Y^^'^g^p + AgY,^Y^p] . 



(2.40) 
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In order to elaborate the physical content of this equation, we insert the field equa- 
tions for the connection ( p.27|) , (|2.28|) , ( p.29| ) and the Dirac equations (|2.36|) and 
( |2.37[ ) together with ( p.38[ ) and obtain the following equation, where the brackets 
[. . .] correspond to respective brackets in ( p.40|) 



(2.41) 



In the second bracket, the Einstein-tensor 



G 



0/3 



(2.42) 



is built from the Ricci tensor i?*^ and the Ricci scalar R* of the Levi-Civita connec- 
tion. Note that the current- current term (jajp+jajp) the first bracket comes from 
the spinor derivative, whereas the corresponding expression in the second bracket is 
the result of the variation of the curvature scalar. Both current-current terms cancel 
each other and we can reexpress (p^.41D as follows 



rpG 


= T^p + T^p, where 




(2.43a) 


rpG 

-'-afS 






(2.43b) 


rpm 

-'-a/3 


ihc 

~Y 


V^7a(V; - Sp)i; - (V; + Sp)ij ■ + ^V*''(^7[a7/377]^) 


; (2.43c) 


rpS 


k 






(2.43d) 



Since and T^^ are symmetric in a and /5, has this property too, due to 
( |2.43a| ). Indeed, a lengthy calculation ||Hor 94|| gives 



- Sp)ij - (V| + S^)^ ■ 7.^ + (a ^ /?) 



(2.44) 



Since T^g is proportional to the Einstein-tensor, we obtain the conservation law 



= v:(T 



G\al3 



v:(T'")"^+ v:(T^) 



S\al3 



(2.45) 
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2.3 Physical interpretation 



2.3.1 Formal aspects of gravity and electromagnet ism 

The field equations (g^, and 



; 



3 



(2.46a) 

(2.46b) 
(2.46c) 



'-a0 - -'aP^ ^al3 , (2.46d) 

resemble the well-known structures of the Einstein-Maxwell theory, provided that 
the vector is identified with the electromagnetic potential A^. But the factor of 
proportionality between and A^ remains undetermined because the charge of the 
Dirac particle is not fixed. However, the gauge property ( p.52| ) below shows that this 
charge has to be negative, cf. |[ltz 80||. We therefore identify with electron carrying 



the negative elementary charge — e, and we make the following identification 



S., 



-A 



(2.47) 



Since here the vector Sfj_ is purely imaginary, this identification is in accordance 



with ( p.39| ). With ( p.47| ) the equation ( p. 46 a] ) describes the Dirac equation for an 
electron in a curved spacetime, (|2.46bD being its adjoint. In order to accomodate 
( |2.46c|) exactly to the inhomogeneous Maxwell equation in the curved spacetime of 
general relativity (cf. ||Mis 73|| ) 



(2A8) 



we adjust the length scale / 

- i62(/V^o) v;^^^ = i6i(/V/o 



J 



2^ V* F"'^ 

he " 



I' 



-ti 



he 



aA "0 2IA -TU^^o ^/^0.83/o,(2.49) 
647r e^/47r 647ra 

where a is the fine structure constant and where we have employed Heaviside- 
Lorentz units, cf . jJac 65|| . Inserting this result into (|2.43d|) the last equation ( p.46d|) 
becomes the energy-momentum equation of general relativity including the energy- 
momentum tensors of gravity ( p.43b|) , of electron ( |2.43c|) , and of the elec- 
tromagnetic field T^p ( p.43d|) . Moreover, if (|2.47|) , (|2.49| ), and the field equations 
( |2.27[ ), ( |2.28| ), ( |2.29[ ) for the connection are inserted back into the Lagrangian ( p. 151) , 
this Lagrangian becomes the familiar Einstein-Maxwell Lagrangian 



C = g ■ he 



2k 



(2.50) 
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2.3.2 Geometric interpretation of electromagnetism 

We have shown that formally, the field equations of our theory completely agree with 
those of Einstein-Maxwell theory. But there are important differences concerning 
the physical understanding of the electromagnetism: Contrary to the ordinary the- 
ory our interpretation of electromagnetism is geometric. To explain this view, we 
briefly discuss the flbre bundle structure expounded in the next chapter and give 
rigorous geometric meanings to the fleld equation ( p. 27] ) for the connection and to 
the identiflcation ( |2.47| ). 



We flrst remark that the whole connection ( p. 27] ) is not a Lorentzian connection, 
since it is not compatible with the metric, that is, its covariant derivative of the 
metric does not vanish: 

V^.gap = -2Sp ■ ^ , (2.51) 



where we have used the fact that F"^;, in (^^.281) deflnes a Lorentzian connection 



compatible with the metric, see ( p.32|) . From the equation ( p.51|) we conclude that 



the vector S^, which was identifled with the electromagnetic potential via ( p. 47]) 



is a non-metricity vector, cf. ||McU 92|] . Thus we can say that electromagnetism 



is related to non-metricity rather than to torsion. But this hasty conclusion must 
be regarded with caution, since the flbre bundle geometry of our theory interprets 
Sp as something completely different, and, in this setting, is really a true U(l) 
potential and nothing else, as the next chapter and also the discussions below will 
show. 

The fact that the resultant connection in (p. 27]) is not compatible with the 



metric means that our theory can not be immersed into a Riemann-Cartan geometry, 
where the connection is assumed to be metric compatible from the outset, but that 
it requires the full GL(4, (D) structure. A similar statement also holds for the unifled 
fleld theories mentioned in the introduction, since in these theories the geometry 
requires the full GL(4, IR) structure of the real frame bundle F{M). As mentioned 
thereby, one of the problems with unifled fleld theories is the lack of an unique 
geometric prescription of how to separate the resultant connection ( [L.ll| ). 

In principle, it not difficult to provide such a decomposition prescription, which 
will be developed in detail in the next chapter. Here we shall explain the main idea 
of this decomposition principle: The starting point is the well-known fact, that a 
general linear connection is represented by a connection 1-form uj (see p.l.Tj) on the 
tangent frame bundle F{M) of the spacetime manifold M. Suppose now that uj 
can definitely be mapped (to be more precise, be pulled back) to a connection 1- 
form defined on a certain fibre-product bundle (see |3.1.3]) built of the special Lorentz 
bundle L^{M) (|2.1|) and some yet unknown U(l) bundle U(1)(M). As explained in 



3.1.3] this is a principal bundle with structure group x U(l) and will be denoted 
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simply by {L^ x U(1))(M). Since this fibre-product bundle is built canonically from 
both bundles L^{M) and U(1)(M), it is now possible to decompose uj uniquely into 
a Lorentzian connection 1-form on L^{M) and a U(l) potential on U(1)(M) and 
represent u as the sum of these two connection 1-forms (see Proposition 2 in |3.1.7 
for the proof of this general feature of fibre-product bundles). Since a Lorentzian 
connection 1-form on L^{M) defines a connection compatible with the metric (cf. 
3.2. this decomposition of u would provide the desired separation prescription of 



the connection ( |1.11| ) obtained by McKellar ||McK 79 



To make this idea of the pull-back more concrete and to employ it to our complex 
resultant connection (|2.27|) , let us look at the extended spinor derivative ( |2.14| ) and 
explain its geometric foundation. Before doing so we first consider the usual spinor 
derivative ( p.l2|) : Any metric connection 1-form, to be more precise, any connection 
1-form, which defines a Lorentzian connection compatible with the metric, Um (with 
or without torsion) is defined on the Lorentz bundle L^{M), which — provided 
that the spacetime M admits a spin structure, cf. p.2| — is endowed with a "spin 
structure" Spin(M) — h> L^(M). This is a twofold covering bundle map and induces 
a (D^-spinor bundle, on which spinors with their spin 1/2 representation are defined 
properly. With this spin structure, Um can be pulled back to Spin(M) and yields 
a spin connection, which in turn defines the spinor derivative (|2.12| ) (for details 
see p.2.3| ). On the other hand, a complex linear connection u, as in our theory, is 
defined on the whole complex frame bundle Fc{M) built from all tangent frames of 
(D(S>TM. Since there is no comparable twofold mapping onto Fc{M), uj does not yield 
a spin connection directly. Therefore, it must be pulled back to an "intermediate 
bundle" , for which an appropriate spin structure exists. Such a bundle is given by 
((DL"*" X U(1))(M), which is the complex analogue of {L^ x U(1))(M) mentioned 
above and is built from the complexified orthonormal frame bundle (CL~^{M) and a 
trivial U(l) bundle M x U(l). The fact that u can indeed be pulled back to this 
fibre-product, which in itself is not a natural subbundle of the frame bundle, is not 
as trivial as it might look at first sight, see p.3.3| for details. Once u is pulled back 
onto this intermediate bundle, a complexified spin structure (DSpin(M) — (DL"'"(M) 
can be employed to pull it back further to ((DSpin x U(1))(M), which then gives rise 
to the extended spinor derivative ( |2.14|) . 

According to this geometric background, the resulting connection F^^b ( |2.27| ) 
can be decomposed uniquely into its Lorentzian connection compatible with the 
metric F'^^b on the complex Lorentz bundle (DL"'"(M) and a true U(l) potential 
S^{= iF%) on M X U(l), see (^JT§, ( FTT5| ) and ( gl30D . It is now clear that the 
identification S'^ = ^A^ in ( p. 471) is not only a formal one, but is a true geometric 
identity on the trivial U(l) bundle M x U(l). We can therefore interpret electromag- 
netism geometrically by choosing to be the true potential rather than itself, 
and describing the electromagnetic interaction through the field equations in ( |2.46| ) 
together with the definite value of / in (|2.49| ) only, thereby completely disregarding 
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( |2.47| ). This geometrical point of view respects the way in which the U(l) potential 
Sfj_ together with the "gravitational" Lorentzian connection (p.28|) originated from 
a single spacetime connection. 

Let us stress here that the above discussion of the underlying fibre bundle 
structure is only a sketch of the more detailed and careful treatment expounded 
in chapter 3. It should be also noted that this rigorous mathematical treatment is 
needed for the completion of our theory. 

Contrary to other unified field theories mentioned in the introducing chapter, 
where the whole connection ( |1.11|) is supposed to unify gravity, represented by the 
Christoffel symbol, and electromagnetism, represented by the torsion trace T^, in 
our theory we see that the non-metric part 5*^ must be detached from the whole 
connection on the frame bundle and must be pulled back to the trivial U(l) bundle 
in order to obtain the electromagnetic potential. This decomposition principle is in 
accordance with the well-known theorem that it is impossible to combine spacetime 
and internal symmetry in any but a trivial way fOra 65|] . We can say, however, that 
it is not necessary to include the electromagnetic potential into the spacetime as 
something foreign or, as has been done by Infeld and van der Waerden [ [Inf 33 1, only 
on the spin connection level, but that electromagnetic phenomena can be viewed as 
phenomena originating from the intrinsic geometry of spacetime. 

Note that the length scale / ( p.49| ) determining the electromagnetic field strength 
is very close to the Planck length Ig, which is the characteristic length of quantum 
gravity. This supports the point of view that gravity and electromagnetism have 
the same geometrical origin. 



2.3.3 Torsion and electromagnetism 



We now want to make some clarifying remarks on the identification ~ ( p..lO|) , 
which has been proposed by many authors so far ||Bor 76a| , |Mof 77| , |Kun 79| , |McK 79 , 
Fer 82| , |Jak 85| , pam 89|| . None of them has considered the geometry behind this 
formal identification.[^ 

According to the geometric background briefly outlined in the previous subsec- 
tion, the true geometric interpretation of electromagnetism is given by 



-A 
he"- 



Strictly speaking, 5*^ = -^T^a = ■^^^ ^'^^ ^ U(l) potential on the principal bundle 
M X U(l), but a 1-form defined on the spacetime manifold M itself, which has been 
obtained by pulling back the U(l) potential Uc on M x U(l) onto M via a special 



10 



One exception is ||Fer 82|| , in which however a U(l) gauge theory differing from the usual setting 
was derived. A charged particle is represented by a complexified density on /\ TM. 
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U(l) cross section, namely the trivial cross section 1 defined in (|3.98|) on p. which 
prescribes to each point on M the constant value 1 G U(l): 



^ he ^ 



see ( |3.115| ), where we have omitted the superfluous matrix indices 5%. If, instead, an- 
other U(l) cross section is used for the pull-back, then it will result in an U(l) gauge 
transformation of ( |2.47| ). To be more presice, if the cross section reads exp(A)l, 



which is a U(l)-valued function assigning to p e M the value A(p) e U(l), this cross 
section will result in the following gauge transformation (see (|3.122|) ) 

ea^^e/, S^^S^ + d^\, ^^exp(A)V'. (2.52) 

Since this transformation takes place only on the U(l) bundle and on the associated 
spinor bundle, the tetrad flelds and the Lorentzian connection ( p. 2^ ) as cross sections 
and as connection 1-form on €L"'"(M) remain invariant, cf. 3.4. 

Now, the identiflcation (|2.47| ) can be inserted into the expression of the whole 
connection (|2.27| ), and its torsion trace can be computed. 



a „6 

3 



= [f\a + 5\S^] - [f\b + 5\S^]ea^e\ = [45^] - [ - -illj, + 5J 

= 3-A^ + -z/„2j^. (2.53) 

This shows that the simple ansatz ~ A^ is no more valid in our theory, if matter is 
present. However, since the above equation (|2.53|) contains both the torsion trace 



and the potential A^, they still seem to be related to each other. But in contrast to 
( p. 47 ), the torsion components in ( p.53|) are derived from the coordinate connection 



components ( |2.9| ), which are obtained by pulling back the general linear connection 
uj from the frame bundle to M via the cross section given by a coordinate reference 
frame {d/dx^). Thus, there is no possibility of an U(l) gauge transformation in 
(I^D, see ( ^3351) . 

If we employ the cross section exp(A)l instead of 1, so that the gauge trans- 
formation ( |2.52| ) takes place, then the formal application of the formula ( p.53| ) to 
+ instead of would result in 

= 3(-A^ + d^X) + , (2.54) 



which is not equal to ( p.53| ). This implies that, to obtain (|2.53|) from ( p. 47] ), the 



special U(l) gauge 1 implicitly chosen in ( p. 47] ) must be held flxed. Since (|2.53|) is 
valid in this gauge only, the relation T^ ~ A^ is merely a formal remnant of the true 
U(l) identity (gj^). 
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It is important to note that, in accordance with the decomposition principle 
explained in |2.3.2| , the parallel displacements of (uncharged) vectors and tensors on 
the spacetime are to be performed with the resultant Lorentzian connection r^^^ 
( p.28|) only and not with the full connection T"-^b- Now, it is easy to see that the tor- 
sion trace of this Lorentzian connection V^^h does not contain the electromagnetic 
vector potential, but only the vector current of the Dirac field, 

f, = hlj^. (2.55) 



Thus, once the resultant connection F'^^;, (|2.271) is decomposed in its Lorentzian 
connection part and the U(l) potential part, there is not even a formal relation 
between the torsion trace and the electromagnetic potential. So, torsion and elec- 
tromagnetism seem to be two completely different physical quantities, at least in the 
end. But in order to motivate our theory, especially the extended spinor derivative 
( P^.14D , the earlier unified field theories based on the simple ansatz ~ ( |1.10D 
must be considered seriously. We may say that this ansatz is to be viewed as a first 
formal hint that electromagnetic phenomena originate from the intrisic spacetime 
geometry. 



2.4 Extension of the theory 

So far we have considered only an electron. In order to include other, differently 
charged particles we observe that in the case of a Lorentzian connection with Fa^f, = 
"Tfe/xa the spinor derivative (|2.12|) can be written in many ways 



V^tfj = d^^ - ^F,^fe7V> = (^d^ - ^F.^.a"" - ^F%) tfj ; (2.56a) 

V^^ = d^^ + ^Ta^tri'^ = (d^ - l^a^.bcr"' + ^FV) ^ ; (2.56b) 

V^V' = - ^F,^6cx'> ; (2.56c) 

V^^ = - ^F,^6a''"V' + |r%7/> , sen. (2.56d) 

All these four expressions are equivalent to each other due to the metricity condition. 

But if we now insert our complex connection, these four spinor derivatives 
become different and correspond to derivatives of Dirac spinors with charges — e, 
+e, 0, and, more generally, ee, where e G IR, respectively. The last case is necessary 
if fractionally charged particles are considered. Otherwise, the first three cases 
suffice. Under the U(l) gauge transformation (p.52|) the Dirac spinors belonging to 



each of the above spinor derivatives ( 2.56a ) to ( |2.56d|) transform as 



^ + d^X ip exp{+X)ip (2.57a) 
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exp{—X)ip 
exp(— eA)-?/' 



(2.57b) 
(2.57c) 
(2.57d) 



see (|3.124|) and (|3.125| ). To confirm the extension principle in ( p.56|) , according to 
which we can incorporate Dirac spinors with arbitrary charges into our theory, we 
will consider a many-particle system in chapter 4. 



Chapter 3 

Fibre Bundle Geometry 



In this chapter we shall fully clarify the underlying fibre bundle structure of the 
unified field theory discussed in the foregoing chapter. Although the general setting 
of the fibre bundle background has been already explained in the appendix of the 



diploma thesis ||Hor 94|| , there are still several important aspects of the fibre geometry 
which deserve a more detailed consideration. 

The salient feature of the bundle structure explained below is that it provides 
an unique prescription how to construct a spinor derivative out of a given general 
complex linear connection. The whole construction of the fibre bundle geometry was 
in fact motivated by the problem of giving the formally extended spinor derivative 
( |2.14[ ) a rigorous mathematical foundation. Without the consideration of Dirac 



spinors, there would be no clear guideline for the construction of a fibre geometrical 
background. For example, it is easy to see that in the field equations ( |2.24| ) to 
( |2.29| ) all complex contributions will vanish if no Dirac spinor is present, and the 



connection will simply be given by the real solution of McKellar ( |1 . 1 1|) , cf. (|2.31aD 



Also, in this case, the inhomogeneous Maxwell equation ( p.29| ), which follows from 
( |2.23c|) , would not contain the imaginary unit i, see (|2.31b|) . Thus, as has been said 



in the discussion following ( ^.31| ), a complex geometrical structure would become 



unnecessary, and this would lead to the conclusion of the important non-metricity 
vector Sfj, being real valued, making the identification ( p^.47| ) incorrect. In this case, 
the question would arise how to make a real valued vector a true U(l) potential.^] 
Note that the consideration of Dirac fields enforces a geometrical decomposition 



solution to this problem has been suggested by Jakubiec and Kijowski in [[Jak 85(1 . Instead 



of the real valued torsion trace in ( 1.11 ) these authors considered the trace F^^q of the whole 
linear connection as the electromagnetic potential. Since F^^q is not a vector but a connection on 
the bundle of scalar densities A^ TM, it was necessary to introduce the notion of scalar densities 
of "complex weight" in order to make co ntact with the commonly used U(l) gauge theory of 



electromagnetism, see for details [ Jak 85 . In other words, they had to introduce the complex 
structure from the outside. This artificial feature of the geometry is one of the main drawbacks of 
their theory. 
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of the whole hnear connection (|2.27| ), since otherwise the extended spinor derivative 
( p. 141) remains only a formal definition, and, even worse, could be in contradiction 
to the well-known twofold representation structure of Dirac fields: A general linear 
connection, as used in (|2.14|) , can not be "lifted" to a spin connection in contrast to 
a Lorentzian connection defined on an orthonormal (or Lorentz) frame bundle. The 
algebraic reason for this fact is that, contrary to the Lorentz group, the structure 
group GL(4, (D) of the complex frame bundle Fc{M) does not possess a twofold 
covering map, which accounts for the spin 1/2 nature of spinors. Therefore it is 
not sufficient to decompose the linear connection only formally, but the whole fibre 
bundle geometry of such a decomposition must be clarified. 

In the first section we discuss some fundamental aspects of the general fibre 
bundle geometry. This does not mean a mere recapitulation of well-known facts, 
which can be found in textbooks like ||Kob 63|| , ||Gre 72|| , or ||Nak 90|| , but the dis- 
cussion comprises several special topics in great detail, which are essential for the 
construction of the special fibre geometry of our theory, see also ||Bos 93| , Pos 94 



The topics are the following: principal bundles, bundle mappings, product bundles, 
associated vector bundles, local cross sections, gauge transformations, and connec- 
tions and their covariant derivatives. 

In the second section the spin geometry is expounded in some detail. The ma- 
terial was gathered from various textbooks |Pau 81| , Per 91| , |Ble 81| , Pen 87| , |Har 9CI| , 
L aw 89| | (see also ||Diin 89| ) but it also contains own computations. Especially, the 



notion of a complex spin geometry can be found only en passant in a few textbooks 
B er 91 , Har 90 , Str 64 |. Although most of the structures of the complex spin ge- 



ometry is merely an exact complexified copy of the real spin geometry, some care 
is needed because of various possible representations of the complex spin group and 
of the imbedding of the real structure into the complex one. The complex spin ge- 
ometry is needed as a central device in the next section, where we develop the fibre 
bundle geometry of our theory. 

The third section contains every detail of the fibre bundle structure needed 
to complete our geometrical theory of gravity and electromagnetism. The strategy 
of the construction is as follows: To obtain the "intermediate bundles" (cf. p.3.2| ) 
between the complex frame bundle and a yet unknown spin bundle we first concen- 
trate only on the corresponding structure groups of the principal fibre bundles to be 
determined. We construct a special diagram of Lie group homomorphisms, which 
then can easily be translated to a corresponding diagram of bundle mappings. We 
then use this bundle diagram to map a general complex linear connection 1-form 
on the frame bundle Fc{M) onto an unique spin connection. To see how this spin 
connection gives rise to the extended spinor derivative ( p.l4| ) we employ the concept 
of local cross sections to obtain local expressions of the various connections and their 
covariant derivatives. In doing so we will notice that the resultant non-Lorentzian 
connection in equation (|2.2?1 ) can be decomposed unambiguously. Keeping in mind 
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the main goal of the construction of the special fibre bundle background, namely 
the unique prescription of building a covariant spinor derivative out of a general 
complex linear connection, will help to survey these technicalities. 

Finally, in the forth section, the U(l) gauge transformation in this geometric 
setting is explained and compared with the naive gauging of the torsion vector. 



3.1 Some aspects of differential geometry 
3.1.1 Principal bundles 

Let M be a differentiable manifold, which in this work denotes the real 4-dimensional 
spacetime manifold, although, of course, the following considerations are valid for 
an arbitrary manifold. Let G be a Lie group. A principal fibre bundle over M with 
group G consists of a manifold G{M) with the following conditions ||Kob 63|: 



1. The right action, denoted by G{M) xG ^ G{M), (m. A) ^ uA, is free. That 
is, if uA = u for some u G G{M) , then A is already the trivial element 
A = 11 G G. 

2. Let ~ be the equivalence relation on G{M) defined by m ~ m = vA for 
some (and hence exactly one) A G G. Then the quotient space G{M)/^ is 
precisely M. If tcg denotes the differentiable canonical projection 

ttg : G{M) G{M)/^ = M , (3.1) 

then each equivalence class corresponds to exactly one fibre tcq^{p), p G M, 
which is diffeomorphic to G itself, vr^^(p) = G. 

3. Furthermore, every point p has an open neighbourhood U such that 7r^^(W) 
is isomorphic with U x G (local triviality). This means that there exists a 
diffeomorphism 

^ = TIG X ^ : na'iU) ^ UxG ^^^^ 

U I y {-K {u) , (p iu)) , 

such that 0('uA) = 0('u) ■ A, where A G G and the dot on the left-hand side 
denotes the group multiplication in G. 

We call G(M) the total space, M the base space, G the structure group, and vtg the 
(bundle) projection. If no confusion is to be expected, we will denote the principal 
bundle simply by G(M). Exceptions are, for example, the bundle of linear frames 
F{M) and the complex frame bundle Fc{M), whose structure groups are GL(4,1R) 
and GL(4, €), respectively. 
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3.1.2 Bundle mappings 



Bundle mappings will be used in |3^ to pull back linear connection 1-form from the 
frame bundle Fc{M) to intermediate bundles (see p.3.2[ ) and, finally, to an extended 
spin principal bundle. In this way we obtain a special spin connection 1-form, which 
defines the extended spinor derivative ( P^.14D . 

Let G{M) and H{M) denote two principal bundles over the same base manifold 
M. A bundle homomorphism is a pair {f,fo), where / is a mapping between the 
total spaces / : G{M) H{M) and fo is a Lie group homomorphism fo'.G-^H, 
where / and fo must satisfy f{uA) = f{u)fo{A) for all u G G{M) and A E G. 
Here the product /(u)/o(A) denotes the right action of H on H{M). This implies 
that each fibre tcq^^p) of G{M) is mapped into a fibre of H{M). Therefore, a 
bundle homomorphism (/, fo) defines a mapping /jv/ on the base manifold M by 
/m : M M, p I— > 7rjy(/(ii)), where u is an arbitrary element of the fibre TTc^ip)- 

In this work, we will consider such bundle homomorphisms (/, fo) , which induce 
the identity mapping /a/ = 1 on M. Often we denote (/, fo) simply by / and call it 
the bundle mapping. This means that the following diagram is commutative: 



G{M) X G 
R 

G{M) 



fxfo 



f 



H{M) X H 
R 

H{M) 




Here R denotes the right group actions. 

If, in particular, / : G{M) —>■ H{M) is an imbedding and fo'-G^Ha, Lie 
group monomorphism, then / is called a bundle imbedding. Since / is a topological 
imbedding, we can identify G{M) with its image f{G{M)) and transfer the principal 
bundle structure of G{M) to f{G{M)). This makes f{G{M)) itself a principal bun- 
dle, which is contained in H{M). We call f{G{M)) or G{M) a (reduced) subbundle 
of H{M) and / a bundle reduction. 

For example, the special Lorentz bundle L^{M) (p. ||) is a subbundle of the 
frame bundle F{M), where / is simply the canonical inclusion of L^{M) in F{M). 
Also, the frame bundle F{M) is a natural subbundle contained in the complex frame 
bundle Fc(M). 



3.1. SOME ASPECTS OF DIFFERENTIAL GEOMETRY 



29 



3.1.3 Product bundles 

The notion of product bundles is needed for the construction of the "intermediate 
bundle" , whose very product structure will lead to a natural decomposition of the 
linear connection ( p.27|) into its Lorentzian part and its U(l) part in section 



Let again G{M) and H(M) be two principal bundles over M. Then their 
(topological) product G{M) x H{M) is naturally a principal bundle over the base 
manifold M x M with structure group G x H. The fibre over a base point {p, q) G 
M X M is given by -Kq^Ij)) x -Kjj^[q). Now, if we consider not the whole base space 
M X M, but only the diagonal space A := {{p,p) G M x M}, then the totality 
of its fibres, (ttg x 71h)~^{A), is easily seen to be a principal bundle again.0 We 
identify the diagonal A with M itself and denote this G x H principal bundle by 
(G X H){M), 

(vTG X t^h)-\^) =■■ (G X H){M) . (3.4) 

Note that in [G x H) (M) only the fibres are "multiplied" . We call this bundle the 
(fibre) product bundle. 

An element of {G x H){M) is given by ('U,f) G G{M) x H{M) with the diago- 
nality condition T^ci'^) = t^h{v). If we denote the canonical projections of the total 
spaces by 

p: {G X H){M) ^ G{M) and (3.5a) 

q: {G X H){M) ^ H{M) , (3.5b) 

and the corresponding canonical projections of the Lie groups G x H ^ G and 
G X H ^ H hj po and qo, respectively, then, {p,Po) and (g, go) define canonical 
bundle mappings of the fibre product bundle (G x H){M) onto its building blocks. 
But it is important to note that these building blocks G{M) and H[M) are not 
canonical subbundles of {G x H){M) in general, that is, it is not always possible to 
imbed G{M) or H{M) naturally into (G x H){M). 

3.1 A Associated vector bundles 

Let G{M) be a principal bundle and V a vector space (real or complex), upon which 
the structure group G acts on the left by a representation p: 

GxV — y V 

(A, v) ^ p{A)v, ^^-^^ 



^This construction is of course valid in a more general setting: If K{M) is a principal bundle 
over M and C M is a submanifold of M, then 7r]^^{N) is a principal bundle over N with the 
same structure group K. 
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where p(A) is an element of the general linear group of V. Consider now G{M) x V 
and introduce an equivalence relation through 

G{M) xV 3 {u,v) ^ (uA, p{A-^)v) , AeG, (3.7) 

and denote the resulting quotient space by V{M), 

V{M) ■=G{M) xV/^ = G{M) XpV . (3.8) 

An element of V{M) is thus an equivalence class, which will be denoted by 

(f) = [u, v] = [uA, p{A~^)v] G V{M) . (3.9) 

The manifold V{M) has a canonical projection mapping tt^ defined through the 
principal bundle projection tig, 

TTv : V{M) — > M 

[u, v] I — > nciu) , (3.10) 

where the definition is independent of the choice of representative u. Each point 
p E M has an open neighbourhood lA such that Tiy^ilA) is diffeomorphic to lA xV . 
The diffeomorphism can be constructed using the local trivialization of the 
principal bundle G{M). With the help of the isomorphism ^' = ttg x defined in 
|3.1.1| we define 

■^v ■■ T^v^iU) ^ UxV 

[u,v] I — ^ {ttg{u) , p{(j){u))v) , (3.11) 

which is easily seen to be independent of the choice of representative for the equiv- 
alence class.0 Thus V{M) is a fibre bundle with fibre V , which is called the vector 
bundle associated with the principal bundle G{M) . 

3.1.5 Local cross sections 

Cross sections provide a link between the abstract concept of connection 1-forms 
defined on a principal bundle and the more familiar notion of connection components 
on the spacetime manifold. These components lead to a convenient representation 
of the CO variant derivative. 

A local cross section cr in a principal bundle G{M) is a mapping from an open 
subset U C M of the base manifold M to G{M), which respects the fibre structure. 
That is, for each p eU the image a{p) lies in the fibre above p, hg {cr (p)) = p. 

^If we start with another representative of the same equivalence class [uA, p{A~^)v] instead, we 
obtain the same result (ttg (uA) , p {(f) (uA)) p(A~^) v) = {ttg {u) , P {4' (u)) v). 
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Given such a local cross section cr, it is possible to trivialize G{M) on U by 
defining the following diffeomorphism 

: 7rG^(W) ^ UxG 

u ^ [nG{u),Mu)], (3.12) 

where (paiu) G G is uniquely determined by the definition 

u =: a {ttg (u)) (p^ (u) . (3.13) 

Since principal bundles are in general not globally trivial, cross sections are normally 
defined only locally and can not be extended to a global cross section on M. 

A cross section v in an associated vector bundle V{M) is defined analogously 
by demanding v{p) E 7iy^(p). Contrary to the case of principal bundles, any vector 
bundle admits global cross sections]^ and these are called vector fields. With the 
help of a local cross section a over U in the corresponding principal bundle G{M), 
a vector field in V{M) can be represented locally by a y- valued function on U 
as follows (see (|0|)) 

v\u:U V{M)\u 

p I — > v{p) = [a{p), v^{p)] . (3.14) 

As an example, let V{M) be the tangent bundle TM associated to the frame bundle 
F{M). For the cross section a of F{M), we take a local coordinate frame (9^). 
Now, if f is a tangent vector field on TM, then it can be represented by a IR^-valued 
function v^, fi = 0,1, 2, 3, so that 

vip) = [id,\,), v^ip)] . (3.15) 

This is of course nothing but a sophisticated way to express v in its coordinate 
components via v = v^d^. The representation (|3.14|) will be used for the definition 



of the covariant derivative and also for the local description of a Dirac spinor field 
■0 below. 



3.1.6 Gauge transformation 

A gauge transformation (see e.g. | |Ble 81|| ) on a principal bundle G{M) is a spe- 
cial bundle mapping / : G{M) — ^ G{M), which is a diffeomorphism and induces 
the identity mapping /a,/ = 1 on M, see |3.1.2| . Since / is a diffeomorphism, its 
corresponding Lie group homomorphism fo is in fact an isomorphism. 

^For example, a special cross section is given by the zero cross section, which prescribes to each 
p G M the zero vector in its fibre iTy^{p). 
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Consider now a local cross section a over U C M. For each p G U, the gauge 
transformation / acts on a via / : a{p) i— > / (cr (p)). Since both elements a{p) and 
/ (a (p)) lie in the same fibre 7r^^(p), there exists an unique local G- valued function 
A : U G, such that 

fia{p)) = a{p)A{p), peU. (3.16) 

Note that f {a {p)) defines another local cross section on U, which we denote by 
t{p). In the foregoing subsection we have represented a vector field v on V{M) by 
a valued function v„ on U, using the cross section a on G{M). Analogously, we 
may define another ^-valued function Vr corresponding to r via ( |3.14D . With ( |3.16D 
and (B.9D, we can relate both functions and Vr 



v{p) = [(t{p), v^{p)] = [(t(p)A(p), p(A(p) 

= [t{p), p[A{p)-')v^{p)] 
Vr{p) = p{A{p)-^)v^{p) . (3.17) 

3.1.7 Connections 

There are three ways of defining a connection on a principal bundle G{M): The first 
way is to define it as a special assignment of a subspace Qu of tangent space T„G(M) 
to each point u G G{M) ||Kob 63|| . Another way to define a connection is to deter- 
mine its so-called connection 1-form on the principal bundle G{M) ||Kob 63|| . Besides 
these well-known definitions, there is yet another interesting definition (which in turn 
leads to two other definitions of a connection) based on the notion of the tangential 



group equivariance [Pos 94|| . In our work, we shall employ the second definition. 

In this subsection we denote the right action of G on a principal bundle G{M) 
by -R, uA =: R/<^{u). Let g be the Lie algebra of G and A be an arbitrary element of g. 
Let exp(tA) be the exponential mapping of A, which defines a path on G. The fun- 
damental vector field A'^ on G{M) is defined as follows: If / is a function on G{M), 
then the action of A'^ on / is determined by A~^{f) := d/dt\t=of o Rexp{tA)- Evalu- 
ated at a point u G G{M) this definition means {A^{f)){u) = d/dtt=of{uexp{tA)). 
Since the right action R acts only in the fibres of G{M), but not between different 
fibres, A'^ is a vector field tangent to the fibres 71q^{u) of G{M). 

A connection 1-form on a principal bundle G{M) is a 1-form on G{M) with 
values in the Lie algebra g of G, which satisfies the following conditions: 

1. Lj{A+) = A for each A eg. (3.18a) 

2. R\uj = A^^uA for each A G G. (3.18b) 
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Here R\uj is the pull-back of u by the right action R\. Explicitly, {R\u)u{X) = 
^uk{,Rk*X) = A~^Uu{X)A for a tangent vector X at the point u e G{M). Ra^X is 
the push-forward of the vector X and is defined through its action on a function / 
as follows: {RA^X^if) := X (/ (uA)). 

For the sake of simplicity, from now on we consider only matrix Lie groups, 
so that in ( p.l8b|) the adjoint mapping A^^uA can be read simply as a matrix 
multiplication. 

In the third section the following theorem (see |[Kob 63|| ) plays a crucial role: 



Proposition 1. Let if be a Lie subgroup of another Lie group G and let h and g 
be the corresponding Lie algebras, where /i is a Lie subalgebra of g. Let H{M) and 
G{M) be principal bundles with structure groups given by H and G, respectively, 
and suppose that H{M) is a subbundle of G{M). 

If there exists a vector subspace m of g, such that g can be written as a direct 
sum (as a vector space) g = h (B m, and if AmA~^ C m for all A e if, then from 
every connection u on G{M) we can build a connection uj' on H{M) by restring u 
to H(M) and taking its ^.-component. 

Proof . (See ||Kob 63||.) To verify the first condition (|3.18aD for the connection let A 



be an element of h. Then A is also an element of g and thus uj'{A'^) = uj{A'^) = A. 

Now let A be an element of H. To verify the second condition ( |3.18b| ) we study 
Rauj' at a point u G H{M). Let X be a tangent vector at TuH{M) and denote the 
/i-component of u by ui. Then we have 

Rlu'^iX) + Rlw^iX) = (i?»„(X) 

= A-^LUuiX)A 

= A-\u'^{X) + w.,{X))A 

= A-^uj'^{X)A + A-^w^{X)A. 

If we now take the /i-components only, then we obtain the desired result R\u' = 
A^^uj'A due to the assumption A^^mA C m in the last line. □ 



The following proposition (see |[Kob 63|| ) provides the central device for the 



desired decomposition of our linear connection ( p. 27 ): 



Proposition 2. Let {G x H){M) be the fibre product bundle built from G{M) 
and H{M). Let u; be a connection 1-form on {G x H){M). Then there are unique 
connection 1-forms ug on G{M) and ujh on H{M) such that u = p*ujg + <f^H- 



Here p and q denote the canonical bundle mappings defined in |3.L5 . 

Proof . Using the trivial projection mappings Po : GxH G and Qo '■ G x H —y H we 
can decompose u algebraically as = poU + qoUJ, where we have used the same letters 
to denote the Lie group homomorphisms and their Lie algebra homomorphisms. To 
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define the connection ug on G{M), let m be a point in G{M) and X a tangent 
vector at u. Now, take any point v G H{M) over the same base point as u, that is 
TTciu) = TTniv). Then, {u,v) G (G x H){M) and clearly X e T^G{M) C T„G(M) © 
T^H{M) = T^u,v){G X H){M). We then define 

To show that this definition does not depend on the particular choice of v, let v' = vA 
be another point in H{M) over the same base point, where A & H. Since X is a 
vector in the tangent bundle of G{M), it is not affected by the push-forward of the 
right action i?A of the other group H, which can be written on the whole product 
bundle as -R(i a)- Thus X = Rf^^ ^^^^X, and therefore 

o 

(X)A] 

Using similar techniques it is easy to verify the two conditions for the connec- 
tion given above. The connection ujh is defined similarly. It is obvious, that 
UJ = p*Ug + q*uJH- □ 

The following proposition, which is slightly more general than Proposition 6.2. on 
page 81 in |[Kob 63|| , is needed for the definition of the spin connection. 

Proposition 3. Let / : G{M) H{M) be a bundle homomorphism such that its 
Lie group homomorphism fo induces a Lie algebra isomorphism, which we denote by 
the same letter /„. For every connection u on H[M), there is an unique connection 
u' on G(M) such that f*LU = fou'. 

Proof. Simply define u' := f^^{f*uj), where is the inverse Lie algebra isomor- 
phism. We first prove the condition (|3.18a|) for connection 1-forms. Let g denote 
the Lie algebra of G and let A & g. We evaluate uj'{A^) at a point u G G{M) and 
obtain: 

u'SA^) = f;\ru:)M^) = f-'iVf^^) . (3.19) 

Since the bundle homomorphism / is not necessarily a diffeomorphism, it is not 
possible to push- forward the whole fundamental vector field A'^ from G{M) to 
H{M), but only pointwise. To see what /*y4+(u) means, we evaluate this vector 
at f{u) G H{M) on a smooth function k on H{M). Remembering the definition 
of the bundle homomorphism (which in this proof does not necessarily induce the 
identity mapping /m = 1 on the base space) in |3.1.2| and the definition of the 
fundamental vector fields we obtain 



MA^{u))f<^u)ik) = A^u)ikof)=± 



k{f{u exp(M)) 

t=o 
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dt 



k{f{u) eMtUA))) = UAYf[u){k) 



t=o 



Using ( p.l8a| ) for cj, we therefore obtain in ( |3.19| ) the desired result 

= f;\ru^)M'') = f7'u^nu){fo{A)^nu)) = f7\fo{A)) = A . 

To verify the second condition (|3.18b| ), let A G G and X a tangent vector at m G 
G{M). Because of the commutative diagram (|3.3|) (to be more precise, only the 
rectangle part of it) we have / o i?^ 
computation 



-R/o(A) ° /; which is important in the following 



fo ^^f{uA) ((/ O Ra)*X) 



= A-' ■ f^'ifooUX) ■ A . 

This completes the proof. □ 

Note the important fact that the Lie group homomorphism fo needs not to be an 
isomorphism, but only its concommitant Lie algebra mapping. Thus the group ho- 
momorphism can be a twofold mapping, which is the case for the universal covering 
map of the Lorentz group by its spin group SL(2, (D), see below at p. 2. 2. 



3.1.8 Covariant derivatives 

Given a connection u on a. principal bundle G{M), we now construct its covariant 
derivative on the associated vector bundle V{M). For our purposes it is convenient 
to define it by using a local cross section. A fairly detailed account of this topic can 
be found for example in |[Nak 90|| . In the following, proofs are omitted in order to 



keep the presentation lucid. 

Let w be a vector field in V{M). From ( p. 14 ) we know that v can be represented 



by a l^- valued function t>o-, when a local cross section a is given on U in G{M), 



Let X be a tangent vector at p G W C M. We then define the covariant derivative 
of V at p in the direction X as follows 



Vxv := [cr{p), XMp))+p{a*uiX))v^{p)] , (3.20) 
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where a*uj is the pull-back of the connection 1-form by a, and the same symbol p 
is used to denote the Lie algebra homomorphism defined by the representation p of 
the structure group G into V. Thus, p{cr*Lj) is a 1-form defined on U with values in 
the Lie algebra of the general linear group of V. 

It can be shown that this definition of the covariant derivative is equivalent to 
the other, more common, definition which is directly built on the notion of parallel 
displacements of vector fields, see e.g. flNak 90|| . Here we are not going to prove this 
equivalence, since the proof is very technical, but we show that the definition (|3.20|) 
is independent of the special choice of the local cross section a. 

Let T be another local cross section. Since for each p & U the values a{p) and 
t{p) lie in the same fibre over p, we can find a G-valued function A such that 



r{p) = a{p)X{p) 



(3.21) 



Before pulling back uj by r, we evaluate the push-forward t^X of the tangent vector 
X at the base point p G M. In ( p.21|) let tq, o"o, and Aq denote the values of the 
corresponding fields at this fixed point p. Using the Leibniz rule we can calculate 
the action of r*X on a function / on G{M) as follows 



(t,X).(p)/ = Xp(/(r)) = Xp(/(aA)) 

= Xp/(orAo)+Xp/((ToA) 

= Xp/(/?A„oa)+Xp/(roAo-^A). 
In the last line the first term can be simply expressed as 

X,/(i?Ao o a) = (a,X) o i?Aj = {Ra,A^*X)) . 



(3.22) 



(3.23) 



Note that this equation would be incorrect if Aq was not constant. To bring the 
second term in (|3.22| ) into a more familiar form, let us introduce a curve 7(t) in 
M, which runs through p = 7(0) and whose tangent vector ^|t=o7 is precisely the 
vector X. Then this curve defines a curve in the structure group G via A{'j{t)), 
whose derivative ^\t=oA{'y{t)) is equal to X(A). We obtain 



X,/(roA-^A) = - 



/(roA(7(0))-iA(7(t)) 



t=o 



/(roexp(tA(7(0))-^X(A)) 

(A-^^(A));^J , 



(3.24) 
(3.25) 



where we note that in ( p.24[ ) the curve A(7(0))~^A(7(t)) runs through 11 G G and 
has, at this point, the same tangent as exp(i:A(7(0))~"^^|t=oA(7(t)) ) , which defines 
a fundamental vector field as in ( ^.25| ). With the help of ( |3.22| ) to (|3.25|) we obtain 

nX = RUa.X) + (A-iX(A))+ , (3.26) 
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where we have omited the point of evaluation. With this result we can relate t*uj 
and a*u! immediately as follows, using the characteristic conditions (|3.18|) for the 
connection 1-form uj 

= u{RAM*X))+uji{A-'X{A)y) 
= A-^uj{a,X)A + A-'^X{A) 

= A-V*cu(X)A + A-^X(A) . (3.27) 

This formula displays the gauge transformation law of the connection 1-form. To 
see that the covariant derivative defined in ( p.20[ ) is independent of the choice of the 
cross section, we use ( |3.17|) to obtain first 

X{vr) = X{p{A-')v^) 

= p(X(A-i))t;^ + p(A-i)XK) 

= p(A-i)(p(AX(A-i))+XK)) 

= p{A-'){-p{A-'X{A))+X{v^)). (3.28) 

Finally, if we use the cross section r in the definition ( |3.20D , then from ( |3.27| ), ( p. 281 ), 
and ( p.lTp we obtain the desired invariant result: 

Vxv = [t{p) , X{vAp))+p{{t*uj){X))v^{p)] 

= [a{p)A{p) , p{A{pr')iX{v^{p)) + p{a*u;iX))v^ip))] 

= [a{p) , XMp)) + p{a*uj{X)Hip)] ■ (3.29) 



3.2 Spin geometry 

In this section we will discuss the spin structure over a spacetime manifold M with 
a Lorentzian (pseudo-Riemannian) metric g^u- The spin structure consists of a so- 
called spin bundle over M and a twofold bundle map from this spin bundle to the 
special Lorentz bundle introduced on p. ||, and is necessary in order to introduce 
Dirac spinors on a curved manifold. Contrary to this "real spin structure" , its com- 
plexified version, which we call "complex spin structure" , is less well-known but is 
needed for our theory, since, roughly speaking, the linear connection determining 
the covariant derivative of the Dirac spinors is complex in our theory. This complex- 
ification is, as we will see, rather straightforward if written in local representations 
using tensor components^ but is not so trivial if the underlying global geometry is 

^For example, Ashtekar's formalism of general relativity [|Ash 9l| employs a complexified theory 
of general relativity. Although spinor fields are considered in this complex geometry, the notion of 
a complex spin structure is absent, because, working with local representations, a recourse to the 
complex spin structure is not necessary, since all computations go through by simply allowing the 
real variables to be complex valued. 
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taken into account. 



3.2.1 Spin structure of Minkowski spacetime 

Let us first consider Minkowski spacetime and its familiar spin structure, wliicli will 
be generalized to the case of an arbitrary curved spacetime in the next subsection. 
The special orthochronous Lorentz group was defined in ( |2.1| ) as 



Lt = {Ae Mat(4,lR)|A^r/A = r], det A = 1, A°o > 1} 



(3.30) 



The spin group "Spin" of is, by definition, the universal covering space of , 
which is simply given by Spin = SL(2, (D). The covering map is a twofold Lie group 
homomorphism, denoted by 



: Spin ^ SL(2, €) 



(3.31) 



To make this map C,o more explicit, let be the cartesian components of a point in 
flat Minkowski spacetime. We define the following vector space isomorphism from 
the Minkowski space to the vector space of hermitian 2x2 matrices. 



^: X 



[X 



X 



x° + x^ 
x^ + ix"^ 



1 • 2 

X — IX 

n s 



(3.32) 



Then the action of the Lorentz matrix C,o{A), where A G SL(2, (D), is defined by 

UA){x) := A{x)A^ . (3.33) 

This homomorphism C,o is twofold, since, obviously, both A and —A result in the 
same Lorentz map. 

By definition, a covering map is locally a diffeomorphism. Especially, the spin 
map (|3.31| ) induces an isomorphism between the Lie algebras of SL(2, €) and L^, 
which we shall now state explicitly. 

Let Dq"', a = 1,2, 3, denote the infinitesimal generators of the Lorentz boosts 
in the three coordinate directions x"". Let Da, a,b = 1, 2, 3 and a 7^ 6, be the 
infinitesimal generators of ordinary rotations of space, whose rotation axes are given 
by ±x'^, where c and the rotation direction ± are determined by demanding that 
the triplet (a, 6, c) should be a positive (negative) permutation of (1,2,3); in this 
way, there are, up to sign, of course only three generators of rotations.^ Altogether, 
there are 6 independent generators of the Lie algebra / ( |2.1| ) of the Lorentz group. 

/ 1 \ 

= 
\ / 



^For example Dq^ 



( 



V 




1 

j 
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With the help of the canonical generators Ea of the whole matrix group Mat (4, M), 
whose entries are 1 in the a-th row of the 5-th column and otherwise, that is, 

{Ej'r, = 5'^a5''d, (3.34) 
we can write all Lorentz generators systematically as 

= ^ {Ea' - VacEU") ■ (3.35) 

Here, a and b are allowed to take any value 0, 1, 2, 3, but only those combinations 
satisfying a b yield non-zero results. 

On the other hand, the Lie algebra of SL(2, C), denoted by sZ(2, (D), has the 
6 generators (to be more precise, generators of the real algebra) given by the three 
Pauli matrices and their imaginary multiples, 

a\ (T^ a^ ia\ ia'^, ia^ , (3.36) 

where the Pauli matrices are given by 

The Lie algebra isomorphism induced by ^o, which we will denote by the same 
letter, is determined through the following relations between the generators of the 
Lie algebras sl{2, (D) and Z: 



^ADo\ a = 1,2,3, 

^ ADa\ (a, 6, c) = (1, 2, 3), (2, 3, 1), (3, 1, 2) . 
This result can be directly deduced from the definition (|3.33|) of the spin map E,o 



In Minkowski spacetime, Dirac spinors ip are vector fields with values in (D^, 
which, however, do not obey the ordinary transformation law of vectors. If, for ex- 
ample, the Minkowski spacetime is rotated by a Lorentz matrix A, then an ordinary 
vector X"- at a spacetime point x"" is transformed into A.\X' at A.\x' . On the other 
hand, a Dirac spinor ip is transformed according to the following law: Let A be one 
of the two elements in SL(2, (D), which is mapped by onto A. Then if) transforms 
as 

V^^C(^)^:=(q Jyi^^^ (3-39) 

where 

C : SL(2, (D) — ^ GL(4, €) 



A 



A \ (3.40) 

(At)-i j ' 
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is called a spin representation. The peculiar feature of the transformation law (|3.39| ) 
is, that, if the Minkowski spacetime is rotated gradually from 0° up to 360°, so that 
vectors retain their original values again, a Dirac spinor ip will be transformed into 
—ip. This characteristic spin 1/2 behaviour of spinors is due to the twofold spin 
homomorphism ^q. 

In the following, we need an explicit expression of the Lie algebra homomor- 
phism C°^(7^ from the Lie algebra / of the Lorentz group into the Lie algebra gfZ(4, (D) 
of GL(4, (D). This is most easily displayed by using the generators of the Lorentz 
algebra defined above, where we only give the result and omit the derivation: 



C°C':^^9i(4,(D), ^.^^--T^a, (3.41) 



where a 7^ 6 is to be understood. Note that the factor 1/4 arises from the inverting 
of the factor 4 in ( |338|) . 



3.2.2 Real spin geometry 

Let (M, ^f^jy) be the spacetime manifold with a Lorentzian (pseudo-Riemannian) 
metric. A spin structure is a copy of all the structures discussed so far for a fiat 
Minkowski spacetime to the case of a non-fiat spacetime M. Now the spin homo- 
morphism is replaced by a bundle map ^ and the Dirac spinors become cross 
sections of a spinor bundle S{M). However, these structures can only be defined 
if some global topological conditions are met by the manifold M. For the sake of 
simplicity, we will assume that this is the case.[] 

Let L^{M) be the special Lorentz bundle introduced on p. ^. It is a princi- 
pal bundle and it is built from certain orthonormal tangent frames in TM. A spin 
bundle Spin(M) is a principal bundle with structure group Spin = SL(2, (D), which 
is defined together with the bundle map ^ : Spin(M) L^{M) via the following 
commutative diagram (cf. |3.1.2| ): 



^For a detailed discussion of the topological conditions we refer to | Bau 81 
Ger 70| . 



Law 8£. 



Ger 68 
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Spin(M) X Spin 
R 



Spin(M) 




(M) X 
R 



LUM) 



We call this bundle mapping ^ a spin structure^ According to ( p.42D , the bundle 
map ^ is compatible with the spin map (|3.31|) , that is, 



i{uA) =i{u)io{A), MeSpin(M), A G SL(2, €) . 



(3.43) 



Since the spin structure ^ can be replaced by the spin map in each fibre of 
Spin(M), ^ is also a twofold covering map and therefore surjective. 

Once such a spin structure ( ^.421 ) is given, we can define the spinor bundle 
S{M), which is the €^ vector bundle associated to Spin(M), the representation of 



the structure group Spin precisely being the spin representation ( of (|3.40|) . Thus, 

S{M) = Spin(M) X(^ €^ , (3.44) 

see ( |3.8| ). Cross sections into this associated vector bundle S{M) are called Dirac 
spinors, see e.g. 



Ble 81 



We shall now define the covariant spinor derivative built from a Lorentzian 
connection compatible with the metric g^i,, cf. ( |2.11|) . According to (|3.2CI|) a covariant 
spinor derivative can be constructed from a connection on the spin bundle Spin(M), 
which is called a spin connection^ So the only task is to obtain a spin connection 
from a Lorentzian connection. But from Proposition 3 it follows that this is indeed 
possible: Since the Lie algebra homomorphism is actually an isomorphism, see 
( ^.381 ), the spin structure ^ in ( |3.42| ) yields a spin connection Ug starting from any 
metric connection 1-form uOm defined on the Lorentz bundle L|'(M), 

uJs = i-\CuJ^) ■ (3.45) 

^Note that there may be more than one spin structure for a given Lorentz bundle, see ||Bau 8l| . 

^We remark that the converse statement is not true: A covariant derivative on an associated 
vector bundle can be defined without the notion of connection 1-forms, and there might exist a 
cova riant deriv ative, w hich can not be derived from a connection 1-form on the principal bundle 
via dp^), see iGre 72| . 
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3.2.3 Covariant spinor derivative 

In the following we shall study two questions: First, how does a metric connec- 
tion 1-form Um define a Lorentzian connection r^^^ on the spacetime manifold M? 
Secondly, how does this connection yield the covariant spinor derivative (|2.12|) ? 

According to our definition ( ^.201 ) of the covariant derivative, we first of all need 
a local cross section a in the Lorentz bundle L^{M), that is, an orthonormal tetrad 
field (ej^). Then, since the spin structure is a surjective mapping, there exists a 
local cross section a in the spin bundle Spin(M), such that 

= a . (3.46) 

In fact there are exactly two such cross sections in Spin(M), namely a and (j(— 11). 
The metric connection 1-form LUfji on can be pulled back to the base manifold 
M via a yielding a matrix-valued 1-form, whose components are defined as 

T\,dx^ := {a*uJmrb ■ (3-47) 

Since these components belong to a matrix of the Lie algebra I of the Lorentz group, 
they satisfy, according to (p.l|). 



r%77ca + ^?fecr% = ^a^lb + ^bfia = , (3.48) 

which is precisely the metricity condition ( |2.11| ). Instead of giving the matrix com- 
ponents of the connection like in (|3.47|) we can of course give the full /-valued 
connection 1-form on M by using the canonical generators E%, see ( 3.34 ), and the 
Lorentz generators (|3.35|) as follows 



(3.49) 



This expression will be used below to derive the covariant spinor derivative. 

To define the covariant derivative of a vector field v = v^d^ in the tangent 
bundle TM, we represent it by a IR^'-valued function f", see ( f3.14| ), 

V = [a, t;"] = [(e/9,), v'^] , (3.50) 

so that are merely the anholonomic tetrad components of the vector field v. With 
the definition (|3.20|) , the covariant derivative of v now reads 

= [(e/a,) , d^v'' + T\,v'] , (3.51) 
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which is commonly and more loosely written as 



(3.52) 



This is exactly the usual covariant derivative of a vector field in orthonormal, an- 
holonomic components, showing together with ( p.48| ) that the metric connection 
1-form Um indeed defines a Lorentzian connection (in anholonomic components) via 
(p7D. 

We now define the covariant spinor derivative with the help of this metric 
connection Um- In close analogy to the case of the vector field v before, we first 
represent a Dirac field by a €^-valued function tps- via the cross section a ( |3.46| ) 

^ = [a, ^a] . (3.53) 

We then employ the spin connection ( p.45| ) to define the covariant spinor derivative 

V^^ = [a , d^^/ja + Cia*tUs)id^)^IJa] , (3.54) 

where 



(3.55) 



= CoC'(r>/^a')^^ 

(This is derived with the help of ( p.49|) and ( p.41|) .) The result may now be written 
as 

V^^^ = d^^a - ^rV7S, ^a . (3.56) 



Usually, the subscript a, denoting the special cross section used to represent ip as 
a (C^-valued function, is skipped. We see that this covariant derivative is precisely 
the one given in ( p.l2| ). 

In summary, we have exploited the spin structure (|3.42|) to obtain a covariant 
spinor derivative out of an arbitrary metric connection 1-form Um- Note that we 
have never spoken of the Levi-Civita connection. In fact, the metric connection may 
have non-vanishing torsion. 



3.2.4 Complex spin geometry 

We now introduce the notion of complex spin geometry. This complex extension 
is necessary in order to accomodate the real spin structure to the complex tangent 
bundle geometry used in our theory. 
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Algebraic preliminaries 

It is well-known that the full (real) Lorentz group L, 

L := {A G GL(4, H) | A V = r]} , (3.57) 

consists of four topological components characterized by the sign of the determinant 
and the sign of the component A%. The complex Lorentz group (DL is defined 
analogously 

€L:={AgGL(4, €)|AV = ^}- (3.58) 

Contrary to L however, (DL consists of only two components, because those compo- 
nents of L, which are separated by the sign of A*^o are now connected by a path over 
complex Lorentz matrices. The two components of (DL are characterized by the sign 
of the determinant only, see for a detailed discussion |ptr 64|| . The special complex 
Lorentz group (DL"*" is the component containing 1, 

€L+ := {A e GL(4, €)|AV = t] , det(A) = 1} . (3.59) 

Contrary to the real case, where is of course not isomorphic to SO (4), the 
special complex Lorentz group (DL+ is isomorphic to the complex special orthogonal 
group (DS0(4), which is defined analogously to the real case, (DS0(4) = {A' G 
GL(4, C)| A'^A' = 1}. The isomorphism is given by A' = W'^AW, where W = 
diag(i, 1, 1, 1) is simply the Wick-rotation. 

Since is a complex 6-dimensional Lie group, it has twice as much real 

dimensions as the real Lorentz group L^. Correspondingly, the spin group of (DL"*" 
has also 12 real dimensions and is given by fStr 64| 

(DSpin := SL(2, (D) x SL(2, (D) . (3.60) 

The twofold spin map will be denoted by the same letter C,o as in the real case ( p.31| ), 

■■ CSpin = SL(2, (D) x SL(2, (D) — > (DL+ , (3.61) 

and is now defined by0 (compare ( p.33| )) 

U{a7b)){x) := A{x)B^ , (3.62) 

where {A, B) G SL(2, (D) x SL(2, (D). That j ^M ) indeed defines a complex Lorentz 
matrix can be seen as follows: The Lorentz group is characterized by the transfor- 
mation invariance of the metric measure, which is given by (see ( |3.32| )) 

x^rfx = det(5;) . (3.63) 
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This yields the desired invariance property^ 

{U{A,B)){x)fr]{U{A,B)){x)) = det{A{S)B^) = 1 • det(x) ■ 1 . (3.64) 



Instead of the 6 Lorentz generators in ( p.35|) there are now 12 generators of 
given by 

Da^ and iDj" . (3.65) 

There are also 12 generators of the complex spin group (DSpin, and these are mapped 
onto the Lorentz generators by the Lie algebra isomorphism C,o as follows: 



(3.66) 



(a^O ^4Do", a = 1,2, 3, 

{ia\ za^) ^ ADa\ (a, b, c) = (1, 2, 3), (2, 3, 1), (3, 1,2), 
{a', -a') ^ -4^D,^ (a, b, c) = (1, 2, 3), (2, 3, 1), (3, 1, 2) , 
(za",-ia'')i — ^4iL)o", a = 1,2, 3. 

The complex spin representation ( of CSpin into GL(4, (D) is defined as 

C : SL(2, (D) X SL(2, €) — > GL(4, €) 

(^'^) ^ [ (5t)-i ) ' 



where we have used the same letter ( as in the real spin representation ( p.40|) . 
According to this complex representation, Dirac spinors transform as 

If we now look at both the complexified Lie group homomorphisms C,o and the com- 
plex spin representation (, then these two maps are constructed in such a pleasant 
way that the resultant Lie algebra homomorphism C^~^ from the complex Lorentz 
Lie algebra (D Z into gl{4:, (D) is the same as the real homomorphism ( |3.41| ), that 
is, 

CoC': (D®Z^^/(4,€), D.^^-^TSa. (3.69) 

So, especially, 

iDa' ^ -t^l'la ■ (3.70) 



^^To prove that £,o{{A, B)) has positive determinant, as is required by the definition of Ci+, let 
us notice ^o((l, 1)) = 1. This means that there is one point in CSpin whicli is mapped into 
Since CSpin is definitely connected (because SL(2, C) is connected), <^o maps the whole domain 
group CSpin into CL+, proving the assertion. That is actually surjective can be seen using 
familiar topological arguments. 
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Bundle analogue 



Precisely as in the real spin geometry, the complex spin geometry is an exact transla- 
tion of the complex spin algebra into the framework of fibre bundles. Instead of the 
real Lorentz bundle L^{M), we now have its complexified version, namely a complex 
Lorentz bundle (DL"^(M), which not only contains real orthonormal tangent frames 
of TM, but also complex orthonormal tangent frames of (D ® TM. The structure 
group is (DL"*". 

The complex spin structure will be denoted by the same letter ^ as in the real 
case and consists of a complex spin bundle (DSpin(M) with structure group (DSpin 
together with a twofold covering bundle mapping ^ defined by the following com- 
mutative diagram, analogous to ( p.42|) : 



€Spin(M) X €Spin- 
R 

(DSpin(M) 



-(DL+(M) X (DL^ 
R 

CL+(M) 




Exactly as in ( |3.44| ) the complex spinor bundle, which we denote by the same symbol 
S{M), is defined by 



S{M) = €Spin(M) x^ (D^ 



(3.72) 



where ( is the complex spin representation of (p.67 ). 

Proceeding as on p. any complex metric connection 1-form Um on (DL"'"(M) 
defines an unique complex spin connection ujs via ( p. 45 ) . Using a complex tetrad field 
as local cross section into <CL~^{M), this complex spin connection defines precisely 
the same covariant spinor derivative as in (|3.56|) , since the Lie algebra homomor- 
phism C ° ill ( |3.69| ) has exactly the same structure as in ( |3.41| ). Because of this 
formal resemblance of the real and the complex spin geometry, we may speak of a 
"natural" extension of the real spin geometry to the complex case.Q 



^^I could not find any textbook, where the complex extension of the spin geometry is discussed 
in such a great detail as here. 
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3.3 Fibre bundle background 
3.3.1 Group structure 

As it was outlined in the introduction to this chapter, we first construct a diagram of 
Lie group homomorphisms, which will then be copied into the framework of bundle 
mappings. Consider now the following diagram: 



CSpin X €^ > €L+ X €^ G ^° - GL(4, €) 

Cc 

GL(4, C) 



In the following, we shall explain the details of this diagram: First, the complex spin 
group (DSpin and the complex Lorentz group (DL"*", together with the spin mapping 
^o, were defined in the foregoing section. The group of invertible elements of (D is 
the abelian multiplicative group of non-zero complex numbers and is isomorphic to 
GL(1, (D). It was denoted in the above diagram by 

(Dx := C\{0} = GL(1,€) . (3.74) 

If (D^ is restricted to unit elements, one gets of course U(l), which will become 
the electromagnetic gauge group later on. The reason, why (D^ instead of U(l) is 
considered here, is that a general complex linear connection might posses a trace 
part r^^Q, which is not purely imaginary as in the field equation ( p.27| ), and thus is 
not an U(l) potential, but a (D^ potential, see below ( p.l05| ). Note that we must 
explain the geometry of our extended spinor derivative in ( p.l4| ) before we take into 
account the field equations, since otherwise, the spinor derivative ( p.l4| ) and the 
Lagrangian Cm (|2.15|) based upon this derivative are not defined mathematically. 



The representation in ( |3.73|) of the product group (DSpin x (D^ into GL(4, €) 



will be called the extended spin representation and will be needed below to construct 
the spinor bundle on the basis of the spin bundle. The representation is defined 
in the following way. 



Cc ■■ €Spin X €^ — > GL(4, €) 
{{A,B),c)^a{AB))-c 



(3.75) 



Here we have written the complex spin group as SL(2, (D) x SL(2, (D), see ( p.60| ). The 



choice c ^ for the representation of (D^ is necessary in ( |3.75|) in order to obtain the 
spinor derivative ( p.l4[ ) and corresponds to the negative charge of the spinor. Other 



possible representations c^, e eJR, correspond to spinors with electric charge ee, see 



48 



CHAPTER 3. FIBRE BUNDLE GEOMETRY 



below, (|3.124|) . In subsesction |3.3.5| , we will need the Lie algebra homomorphism of 
( |3.75D , which is simply given by 

Ce((A, A'), A)) = C((A, A')) - All , ((A, A'), A) G (5/(2, €) x s/(2, €)) x € . (3.76) 

It remains to explain 9o, G, and jo in the diagram ( |3.73| ). The Lie group 
homomorphism 60 is defined by the following rule: 



GL(4, €) 
Ac. 



Go : CL+ X (D^ - 
(A,c) H 

The Lie group G is the image of 9o, 

G := eoi€L+ X = {Ac| A e c G (D^} 



(3.77) 



(3.78) 



and jo denotes the canonical inclusion of this group G into the full GL(4, (D). Thus, 
by the definition of G, 60 in the diagram ( p. 73 ) is a surjective map. Moreover, it 
induces a Lie algebra isomorphism: The Lie algebra of x (D^ is clearly the 
cartesian product (D ® i x (D, where I is the Lie algebra of defined in (pTI|). Let 
{A, A) be an arbitrary element of this Lie algebra. Then it is mapped by 9o (to be 
more precise, by its differential at the unit element (1, 1)) to 



OoiiAi)) 



^„,(AA) = I 



^,(exp(t(A A)) 



t=0 



d 

dt 
d 
dt 
d 
'df 

A + Xl. 



eoiexp{tA,tX)) = ^ 



e,((exp(M),exp(tA)) 



t=o 



t=o 



exp(ty4) ■ exp(tA)] 



;exp(tA)-l + ]l-exp(tA)] 



Since the elements of the Lorentz Lie algebra € (8> Z do not contain any diagonal 
elements but only off-diagonal ones, the sum in the last line is direct .Q Therefore, 
the Lie algebra of G, denoted henceforth by g, is the direct sum 



g=<C(g)l®m, 
and 60 is obviously an isomorphism between the two Lie algebras, 

Oo-. (C(g)i X (c ^ (C(g)i® m . 



(3.79) 



(3.80) 
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If A + Al = A'l, then A = 0, and if A + Al = A', then A = 0. 
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This simple but subtle isomorphism property of 9o will become crucial for the con- 
struction of the extended spin connection, see ( |3.92D . We remark that, commonly, 
the Lie algebra of a product group such as (D ® Z x € is already identified with 
€ ® Z © CI. Thus, when the Lie algebra isomorphism 60 is considered without its 
underlying Lie group mapping 9o, ( |3.80| ) rather becomes a tautology. 

We further remark that the Lie group homomorphism 60 is a twofold map.Q 



3.3.2 Bundle structure 

Having explained the basic group structure ( |3.73| ), we now construct its exact trans- 
lation to the framework of fibre bundles. Thereby the Lie groups become the struc- 
ture groups of principal bundles, and the Lie group homomorphisms become the 
accompanying group homomorphisms of bundle mappings (cf. p.l.2|) . 

The main fibre bundle structure of our theory can be summarized in the fol- 
lowing "copy- diagram" of ( |3.73| ) 



(€Spinx€^)(M) ^^'^ . (€L+x(D^)(M) ^ G(M) — — ^ F,{M) 



* 



SciM) 

Let us first explain the various fibre bundles in this diagram: First, define the fol- 
lowing trivial (D^ principal bundle (D^(M) by 

€'^(M) := M X €^ . (3.82) 

Then (CSpinxC^)(M) and (€L+x(D^)(M) are fibre product bundles of €Spin(M) 
and C''(M), and of €L+ and €''(M), respectively, see |3.1.3| . The bundle on the 
left-hand side of ( p.81| ), Fc(M), is the complex frame bundle defined on p. |. The 
fibre bundle G{M) is a special subset of this complex frame bundle containing only 
tangent frames of the special form {c-Cctdp). Here (ej^df^) is a complex orthonormal 
frame of (DL"'"(M) and c is a non-zero complex number, thus, 

G{M) := I (e/d,) G €L+(M) , cG . (3.83) 

Then, G{M) is obviously a G principal bundle, where the right action of the group 
G is given by 

(c ■ ej'd,) (Ac') := (c'c ■ eb^A'ad,) . (3.84) 



"'^''Due to the property of the Lorentz matrices we get from Ac = A'c' first the equaUty c^rj = 
(Ac)'^77(Ac) = (A'c')^ry(A'c') = c'^rj o c' = ±c. Thisyields A = ±A' and thus (A,c) = (±A',±c'). 
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It is easy to show that this action is free and that the other axioms for the principal 
bundles in are fulfilled. 

The fibre bundle Sc{M) at the bottom of ( p. SI] ) is not a principal bundle, but 
is the €^ vector bundle 

Sc{M) := (€Spinx (D^)(M) x^^ €^ (3.85) 

associated to the product bundle (CSpinx €^)(M) via the extended spin represen- 
tation (o in ( p.75| ), see |3.1.4| . We call Sc{M) the extended spinor bundle. 

We shall now explain the bundle mappings between the principal bundles of 
( |3.81|) . Remembering that ^ in ( p.81| ) denotes the complex spin structure as defined 



in ( |3.71| ), the bundle mapping ^ x id is simply defined as follows: An element {u, v) 
of (€Spinx(D^)(M) is mapped to {^{u),v) in (€L+x(D^)(M). Because of the trivial 
relation 

{^xid){uA,vc) = {au)U^),vc) = ((exid)Kt;))((eoXid)(A,c)) , (3.86) 

where (A, c) G €Spin x (D^, we see that (^ x id , x id) is a bundle mapping as 
explained in |3.1.2| . 

To explain the bundle map 9, we denote an element of (€L+ x (D^)(M) by 
{Ga^dfiiC)i where c is the (D^-component of the respective element in (D^(M) over 
the same base point as the orthonormal frame {ca^d^). Note that such a simplified 
notation is possible here because (D^(M) is a trivial bundle. Then, 6 can be defined 
as follows 

e:((DL+x(DX)(M)^ G{M) 

((e/5^),c)^(ce/9^). ^ • ^ 

It is straightforward to show that {6, 6o) (cf. ( |3.77| )) indeed defines a bundle mapping. 
Furthermore it is important at this point to note that the above construction of 
9 necessitates a trivial structure of the principal bundle (D^(M), since otherwise 
there would be no well-defined multiplication of a tangent frame with a complex 
number. Since (D^(M), when restricted to its U(l) subbundle, will constitute the 
electromagnetic U(l) bundle, see ( p.l30|) , we may say that the electromagnetic U(l) 
bundle is necessarily trivial in our theory. 

Finally, the bundle map j in ( |3.81| ) is simply the canonical inclusion of G{M) 
into the frame bundle Fc{M). 

Let us briefly discuss the main feature of the bundle diagram ( |3.81| ): Our aim is 
to construct a covariant spinor derivative out of an arbitrary complex linear connec- 
tion u defined on the complex frame bundle Fc{M). As outlined in p. 3. 2 on p. 19, 



this can be done by pulling u back onto an "intermediate bundle" , which possesses 
a spin structure. In the following subsections, this will be realized with the help of 
the above diagram: We first pull u back via j onto G{M), then via 6 onto the prod- 
uct bundle (€L+ x (D^)(M), which possesses the spin structure ((DSpin x €^)(M). 
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Finally, if uj is further pulled back to this spin bundle via ^ x id, then it will define 
an unique covariant spinor derivative on the spinor bundle Sc{M). The principal 
bundle G{M) located between the product bundle x €^)(M) and the frame 

bundle Fc{M) is introduced in the diagram in order to make the pull-back procedure 
especially simple. 



3.3.3 Extended spin connection 

As has been said before, the fibre bundle diagram ( p.81| ) will enable us to construct 
an unique spin connection on ((DSpinx (D^)(M) starting from an arbitrary complex 
linear connection of the spacetime manifold by pulling back its connection 1-form 
on Fc{M) along the horizontal line of the diagram from the right to the left. 

To see that this procedure really works, let u be an arbitrary connection 1-form 
on the complex frame bundle Fc{M). The first step is to construct a connection on 
the bundle G{M). Since G{M) is a subbundle of Fc{M), we may apply Proposition 
1 of |3.1.7| . For the application, it is necessary to find a vector subspace m of gl{4:, (D), 



such that gl{4:, (D) is the direct sum of m and the Lie algebra g of G (|3.79| ) having 
the additional property stated in that proposition. Define the vector subspace m 
by 

m:={Ae gl{A, €) | A^r] -r]A = , Tr(A) = 0} . (3.88) 

It is straightforward to show that this m is indeed a (D- vector subspace of gl{4:, (D). 
Note that m is not a Lie subalgebra. Then, with the definition ( |3.79|) of g, 

gl{4:,€) = g®in = €®l®€l®m . (3.89) 

To prove this assertion, we explicitly give the components of an element of srZ(4, (D) 
according to this decomposition, 

gl{A,€) = €®Z © €11 © m 

(3 90) 

A = i (A- r^A^r^) + iTr A- 11 + i (A + r/A^r/- iTr A- 1) 



It is easy to show that the components given in (|3.9CI|) indeed fulfill the required alge- 



braic properties. In order to employ Proposition 1, we must prove (Ac)m(Ac) ^ C 
m for all Ac G G. Using A'^rjA = rj, we have for an arbitrary element A of m 

AcA{Ac)-^Yr] = A-^^A^A^r] = A-^^A^r^A"^ 



= -A-^^7]AA-^ = -r]AAA-^ = -r] (AcA (Ac)"^ 
Tr (AcA(Ac)"^) =TtA = . 
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With the help of Proposition 1, we now obtain a connection 1-form on G{M) by 
restricting uj to G{M) and taking its gf-component. This connection will be denoted 
by wg, 

ug := gr-component of uj\g{m) ■ (3.91) 

As the next step, we construct a connection on the product bundle (€L+x 
€^)(M). Since the Lie algebra homomorphism of 6o is actually an isomorphism, see 
( p.80| ), we may apply Proposition 3 of p.l.7| to the bundle map 6 and obtain the 
following connection 1-form on ((DL+x (D^)(M) 

LUi, := 9;'9*LUG . (3.92) 

Since ((DL+x (D^)(M) is a fibre product bundle, we can decompose this connection 
ujic by using Proposition 2 of ^.1.7| as 

ujic = p*uji + q*Uc , (3.93) 

where p and q are the canonical projections from ((DL+x (D^)(M) to (DL"'"(M) and 
€^(M), respectively, and ui and denote the connections on CL"*" and (D^(M) 
constructed canonically from uic, see the proof of Proposition 2. Thus, uji is a 
complex Lorentz connection on CL"*", whose algebraic components are given by the 
restriction of uic to its (D(S>Z-component, and Uc is a (D^ potential on (D^(M), whose 
algebraic component is the (D^ -component of cu^c-Q 

We can now construct the extended spin connection on ((DSpinx (D^)(M) from 
uJic by using again Proposition 3, since the Lie algebra mapping C,o x id ( |3.81|) is 
an isomorphism, cf. ( p. 661 ). If we denote this spin connection by ujgc, then 



Use = i^o y< id)-\^ X idYuJi, (3.94) 
= CW^/ + g*^c. (3.95) 



3.3.4 Local cross sections 

In order to obtain the components of the connection on the base manifold M from the 
various connection 1-forms introduced in the foregoing subsection we shall consider 
local cross sections of the principal bundles in the diagram (|3.81|). 



^^In the diploma thesis [ |Hor 94| | these two connections lui and lOc were assumed to be some 
restrictions of the full connection on (CL+xC^ )(Af ) onto its "compontents" CL+(Af) and {M), 
see p. 67, above the formula (A. 40). But this is not the correct way to express these two connections, 
since CL+(Af) and C^(M) might not be contained in (CL+xC^)(M) as natural subbundles, that 
is as "components". The problem is here, that there is no natural inclusion mapping from €^ (M) 
into (CL+x C'')(M) if Ci+(Af) is not a trivial bundle. Nevertheless, the formula (A. 41) in the 
diploma thesis is formally correct, and can be used to decompose a linear connection into its metric 
part and its non-metric vector part. 
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Let U be an open subset of M, on which all the principal bundles considered 
so far admit local cross sections. Let 



a 



(3.96) 



be a local cross section of the complex Lorentz bundle (DL"'"(M). Thus, a is a complex 
orthonormal tetrad field. Although we could restrict our considerations only to the 
case of real tetrad fields as in chapter 2, we shall allow here for arbitrary complex 
tetrad fields, because we want to study the full mathematical structure of the bundle 
geometry without bothering about physics. As remarked on p. complex tetrad 
fields are also allowed in our theory, if one does not consider the physical role of the 
tetrad fields themselves. 

As in the case of real spin geometry, there exists a local cross section a of the 
complex spin bundle €Spin(M), such that the spin mapping ^ maps it onto a, cf. 

m ■ (3.97) 



cr 



Since we want to consider cross sections of the product bundles (€Spinx(D^)(M) 
and ((DL^ x (D^)(M) in the diagram ( p.81| ), we need a cross section of the principal 
bundle (D^(M), which is merely a €^-valued function, because (D^(M) is a trivial 
bundle. At the moment, we choose a special function, denoted by 1, whose values 
equal constantly 1 G 



P 



(3.98) 



Later on, we will consider arbitrary functions and elaborate the gauge transforma- 
tions connected with the change from 1 to these functions. 

Now, (cr, 1) and (a, 1) are clearly cross sections of the product bundles ((DL+ x 
(D^)(M) and ((DSpinx (D^)(M), respectively. Remembering the definition of the 
bundle map 9 in (|3.87| ), we obtain the following commutative diagram of various 
cross sections constructed so far: 



(€Spinx(D^)(M) 



exid 



;€L+x(D^)(M) 



e 



~G{M) 



Fc{M) 



{a A) 



1 ■ a 



1 ■ a 



U 



U 



u 



u 
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3.3.5 Extended spinor derivative 

Connections on the base space 

Let a; be a connection 1-form on the complex frame bundle Fc{M) and let 

r%c/x'^ := ((1 ■ (jyu)% (3.100) 

be the g'Z(4, (D)-components of the pulled back connetion on the base space M. They 
are the anholonomic tetrad components of the general complex linear connection as 
introduced in ( |2.5| ). The superfluous factor 1 in front of a is inserted here as well 
as in the diagram ( |3.99|) in view of the U(l) gauge transformation considered in the 
next section. 

Now consider the connection ujg on G{M) defined in ( |3.91|) . If this connection is 
pulled back by the same local cross section 1 • a to M, then the resultant connection 
on the spacetime M will not be the same as in ( |3.100| ), but it will have only its 



gi- components. Thus, although the diagram (|3.99|) of the various cross sections 
is perfectly commutative, this property is lost when considering the connections, 
because the "mappings" between them, cf. equations ( p.91j ) to (|3.95| ), do not include 



only the mappings between the underlying topological spaces, but also various Lie 
algebra homomorphisms. Using the explicit decomposition ( p. 901) , we take the g- 
components of p.lOU| ) to obtain 

((1 ■ aYuJcTb = ^(r% - rfe/)rfx'^ + ^T%6%dx^ . (3.101) 

Next, the pull-back of uoic ( p.92| ) via the cross section {a, 1) in ( |3.99| ) results in the 
same expression, 

= i9;\a ■ iyuaTb (3.102) 



where we exploited the commutative rectangle at the centre of the diagram ( p.99|) . 



Note that here the Lie algebra of (CL^ x (D^ has been trivially identified with (D ® 
I © (Dl, see the remark on p. If we do not make such an identification, then the 
correct, but somewhat pedantic, expression reads 

((a, iru;i,)% = (^(r> - r,/)dx'^ , ^T%6%dxn • (3.103) 



Of course, care must be taken when ( p.l01|) and (|3.102| ) are compared, since they 
belong to connection 1-forms on different principal bundles: Whereas in (|3.101|) the 
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plus-sign denotes merely an addition of different algebraic components, the plus-sign 
in (|3.102|) means the sum of two geometrically different connections, namely of (see 

(H)) 

{a''iui)\ = J(r%-rfe/)cix^ and (3.104) 



:i to, 



c b 



(3.105) 



As we have said below ( p.93| ), ui is a complex Lorentzian connection on (DL"^(M), 
and C(Jc is a (D^ potential on (D^(M). 

In a similar fashion, using the left commutative rectangle of (|3.99|) and the 
decomposition (|3.95| ), we obtain the extended spin connection on the base space M, 

= C^a*uJi + ToJc . (3.106) 

We now employ the extended spin representation Cc ( |3.75| ), its Lie algebra homo- 
morphism (|3.76| ), and equation (|3.69|) to obtain 



Cc(((3-, l)*UJs 



)cr LUi 



1 UJn 



(3.107) 



li'ia ■ 2 (r> - r6/)rfx^ - n ■ -v^jx^ (3.108) 



(3.109) 



The extended covariant spinor derivative 

We are now able to construct the extended spinor derivative (|2.14| ) on p. |lT] by 
following analogous steps as in ( pj.53D to ( |3.56D for the construction fo the ordinary 
spinor derivative ( p.l2| ). 

In the bundle diagram (|3.81 ), Dirac spinors ip are vector fields on the spinor 
bundle S'c(M), which we represent as 



(3.110) 



where is a (D^- valued function on U. With the help of ( |3.109| ), the extended 

covariant spinor derivative reads 

V^V = [(^, i) , d^tPia,!) + Cc((^, i)*^«c(5^))^(^,i)] 

= [{a, i) , J) - ^r„^b7''7>(^,i)] , 

which may be written simply as 

This is precisely our extended covariant spinor derivative (p.l4|) . 



(3.111) 



(3.112) 
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Decomposition principle 

We shall now turn our attention to the mathematical structure of the connection 
( P^.27D , which is the result of the field equation ( ^.2(J| ): 

rV = f% + n-5'^, (3.113) 

where r"^b is a complex Lorentzian connection compatible with the metric, Tafib = 
-Tb^a- If we insert this connection (|2.27| ) into the above formulae ( p.l04| ) and 



i ^JOBj ), then 

{a*uji)% = f\,dx^, (3.114) 
{100,)% = (3.115) 



Thus, we can uniquely decompose the resultant connection in ( |2.27|) in accordance 



with ( p. 93 ), that is, as the sum of a complex Lorentzian connection on (DL~^{M) and 



a €^ potential on (D^(M). In so doing, we of course interpret the connection ( |2.27D 
as a connection resulting from the product bundle ((DL+x(D^)(M) and not from the 
frame bundle Fc{M). This point of view can only be taken after the field equations 
for the connection have been considered, but not before, since an arbitrary linear 
connection does not possess the special structure of (|2.27] ). 
We now discuss the extended spinor derivative ( p.l4| ), 

= d,tp - ^r,^,a''> - ^r%^ . (3.116) 

We see that this extended spinor derivative is already decomposed formally into two 
contributions —\Taf_ibO''"^ and —^V^^c- But now regarding the equations ( |3.106| ) to 



( p.lOgp it is clear that this decomposition is based on a geometric foundation: The 
extended spin connection Usc is indeed the sum of two different connections, namely 
the "ordinary" complex spin connection Ug defined by ujs = ^o^^*P*^i in equation 
( p:95D , cf. and a (D"" potential on C''(M), see ( ^9^) . Whereas cUs gives rise 

to the covariant derivative characterized by 

Ua^us) = U^*iC'Cp*i^i)) = iCcC'WuJi = -IVa^.a^'dx'^ , (3.117) 



the potential lUc leads to 



4 



i*cu, = -^rvrfx^ , (3.118) 



cf. (ITTOD to ( glOQl) . This decomposit ion of the spinor derivative is, contrary to the 



decomposition of the linear connection as considered in ( |3.114[ ) and ( p.ll5| ), valid 



already before the field equations have been taken into account. This property of 
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the extended spinor derivative ( p.l4| ) is indeed necessary for the construction of the 
basic matter Lagrangian Cm ( |2.15D , as was said in the discussion following (|3.74|) . 

Note that the factor ^ in front of the trace T^^c in ( p.l08| ) has its real origin in 
the algebraic decomposition ( p.9(]| ), whereas in ( p.l4|) , this factor seems to be caused 
by the overall factor 1/4 of the usual covariant spinor derivative (p.l2|). 



3.4 Electromagnetic gauge transformation 

Let us now study the €^ gauge transformation, which, if restricted to U(l), will 
become the electromagnetic phase transformation. Let A be a (D-valued function on 
U and let 

A:=i-exp(A) (3.119) 

be an arbitrary (D^-valued function on U, viewed as a cross section of (D^ (M). Then, 
according to the gauge transformation law ( |3.27D , we obtain for the connection 



4 



(3.120) 



which should be compared with the expression ( |3.105|) .p^ This is the (D^ gauge trans- 
formation of the (D^ potential ^L^^c- Since this transformation affects only quantities 
defined on or derived from the principal bundle (D^(M), all other quantities on the 
complex Lorentz bundle (CL~^{M) or on the complex spin bundle (DSpin(M) remain 
unchanged. Thus, especially, the complex Lorentzian connection ( p.l04| ) and the 
complex tetrad field a remain fixed. This would not hold true any longer if, in 
the diagram ( |3.99D , the complex frame bundle Fc{M) or G{M) are considered, see 
below. 

To study the gauge transformation of the Dirac spinor ip, we use the gauge 
transformation property (|3.17|) of the vector fields to get (cf. (|3.110|) and (|3.75| )) 



^ = [(^, i) , i^ia,!)] = li^, ^) , V^(a,A)] ' 
^(,^3^) = a((]l,]l),e^)-^)^(,,i) = eV(,4). 

In summary, the (D^ gauge transformation reads as follows: 

1 



4 



(3.121) 



(3.122) 



16 



Note that A*Wc = A*Wc(9;i) ■ dx^^. 
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3.4.1 Further extension of the spinor derivative 

In the discussion following ( |2.14| ), we remarked that the extension of the spinor 
derivative was not unique. In |2.4| we have exploited the remaining ambiguity to 
further extend the spinor derivative. To obtain the most general spinor derivative 
( P^.56d| ), only a slight change of the extended spin representation (c ( |3.75| ) is neces- 
sary. We now define 



Ce : €Spin X (D^ 

( (A B) , c) 



GL(4, €) 
C((AS))-c^ 



(3.123) 



where e G M. Using this spin representation, it is easy to show that Dirac spinors 
now transform as (cf. ( p. 121 )) 



^(,,^) = C.(((]l,]l),e^)-V(.,i) 



(3.124) 



As in ( |3.107|) , we can compute the spin connection corresponding to using an 
arbitrary cross section (a, A) to give the following result: 

Ce((a, A)*^sc) = {Co ^-^)a*uji + e-\uj^ 



--7%, ■ -(r> - r,/)rfa;^ + e{-T'^^, + d^\)dx^ . (3.125) 



3.4.2 Restriction to U(l) 

So far we have dealt with the group (D^, which was needed to construct the bundle 
structure ( p.81| ). In order to restrict (D^ to its subgroup U(l), we first observe that 
the adjoint spinor]^ transforms under the (D^ gauge transformation ( p.l21| ) according 
to 

^(.,A) = (V^{.,A))V = e^V^(,,i), (3.126) 

where A means the complex conjugate of A. Due to the "covariance" of the covariant 
derivative in the local representation, see the second line of (|3.29|) , we have 



VmV^(,,a) = e^V^^(.,i) , (3.127) 
so that the matter Lagrangian in (|2.15|) does not remain invariant under the 



whole (D^ gauge transformation, but changes 

£^^exp(A + A)/:^ . (3.128) 

^^Adjoint spinors can be defined analogously to spinors as vector fields on an associated vector 
bundle of the extended spin bundle (CSpinx C^)(Af), where the representation of the extended 
spin group CSpin x in GL(4, C) is taken to be the adjoint representation (t^CIt")"'"- However, 
to avoid too much congestion in the exposition, we prefer to represent adjoint spinors only locally 
by simply taking the adjoint of an ordinary spinor. 
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Since we have to demand the invariance of the Lagrangian, we conclude 

A + A = for all A =^ 
exp(A) e U(l) , (3.129) 

so that we must not consider the whole group (D^, but only its subgroup U(l) of 
unit elements. As a consequence, instead of C^(M), its reduced bundle U(1)(M) 
must be considered. So, throughout this chapter, we subsequently 

replace every by U(l). (3.130) 



3.4.3 Further properties of the gauge transformation 



In (|3.120|) , we discussed the gauge transformation of the C^, or, because of (|3.130D 



of the U(l) potential Uc on U(1)(M). We now want to study the same gauge 
transformation on the complex frame bundle Fc{M). If we replace in the diagram 
( ^.99[ ) the trivial cross section 1 by A defined in ( |3.119| ), we see that the cross section 



of the frame bundle becomes e^a. The pull-back of the complex linear connection 
1-form uj via this cross section does not remain unchanged, but transforms according 
to 

((eV)*a;(9^))'^, = e~\a*Luid^))%e^ + 5%e-%e^ = + 5%d^X . (3.131) 

Thus, the connection trace F^^c still transforms in a similar manner as in (|3.120|) . 
But now the cross section e^a is no longer an orthonormal tetrad field, but only 
orthogonal. So, unlike a, this cross section can not be "lifted" to a cross section of 
the spin bundle, and, therefore, no local representation of Dirac spinors (cf. ( p.l21| )) 
can be defined for e^a. Even worse, any tangent vector X, written in the tetrad 
components X = X'^^eJ^d^), becomes now charged, since X" is transformed to 
g-Aj^a i^^g ^Yie gauge transformation rule 

X = X-{efd^) = e-^X"(e\/9^) . (3.132) 

For these mathematical and physical reasons, it is not allowed to consider the U(l) 
gauge transformation on the frame bundle Fc{M) or, equivalently, on G{M), but 
only on the product bundles in the diagram (|3.99|) . 

Stated differently, we must discard the right and the middle commutative rect- 
angles in the diagram ( p.99|) and retain only the left rectangle. In this way, we 



detach the U(l) potential Uc and its U(l) gauge transformation completely from the 
basic complex linear connection uj and also from the basic frame bundle geometry 
of the spacetime manifold M. 



60 



CHAPTER 3. FIBRE BUNDLE GEOMETRY 



3.4.4 Gauging the torsion trace 



Suppose now that we do not detach uJc from uj but consider ( |3.131|) as the true U(l) 



gauge transformation on Fc(M), aiming at a gauge transformation of the torsion 
trace T^. In order to calculate the torsion trace from the transformed connection 
( p.l31j ) we ask about its coordinate components. 
Denoting the local coordinate frame by 

k := (d,) = (A) , (3.133) 



we reexpress it in terms of the transformed cross section e^a used to obtain (p.l31|) 

k = (e^a) • (e-^A) ^ 



(3-134) 



where the expression (e~^e'*^) containing the reciprocal tetrad e""^ plays the role of 
the gauge transforming matrix A, compare with ( p. 17] ). With the help of the gauge 
transformation law ( p. 27] ) we obtain the desired coordinate components of ( 3.131 ): 



(3.135) 



■pa 



This result is totally independent from the U(l) gauge function A. Thus, we obtain 
the familiar result that the torsion trace can not be gauged with U(l). 

Despite this undoubted result some authors like McKellar | |McK 79[ and Borch- 



senius Por 76a|| regarded the so-called A-transformation, first introduced by Ein- 
stein |[Ein 55|| , as the U(l) gauge transformation for the torsion trace. This A-gauge 
transformation reads 

r"^/3 ^ r"^/3 + 5 W , (3.136) 

where A is now an arbitrary complex valued function on the spacetime manifold M. 
It was introduced from the purely formal reason, that the Ricci-scalar R ( |2.10c| ) 



remains invariant under ( p.l36|) . One might ask, if there is any sensible way to 
understand ( p.l36| ) geometric feature'^ 



One suggestion might be to regard it as part of a conformal transformation of 
the coordinate reference frame k ( p. 133] ), that is. 



k = [d^) ^ ie%) , (3.137) 

in analogy to the transformation of the tetrad field a ^ e^a. One can easily see, that 
this indeed results in the A-transformation (|3.136|) of the connection by using ( p.27|) . 
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But the problem is that {e'^d^) is no longer a coordinate reference frame:0 Now 



the components of the connection on the right-hand side in ( |3.136D are no longer 
coordinate components, forbidding their use for the ordinary covariant derivative 
in coordinate components. Instead, everything must now be represented in the 
special frame (e^d^). For example, a vector field in coordinate components 
would now read e-^X'', so that, if ( W^ ) is regarded as the electromagnetic phase 
transformation, every covariant vector field would be charged. This situation is 



analogous to (|3.132|) . 

Thus, it seems that there is no sound way to get a gauged torsion vector T^. 
We repeat, that the only way out of this problem is to detach the U(l) potential Uc 
completely from the frame bundle geometry by considering only the left rectangle 
in the diagram ( p.99| ). In this way, we obtain a consistent U(l) gauge theory of 
electromagnetism and are able to interpret the vector 5*^ = |r"^a as the true elec- 
tromagnetic potential via ( |2.47| ). The torsion vector is related to the potential 
A^ only formally, as explained in |2.3.3| on p. 



18 



This can be easily verified, since [e^d/^i, e^di,] ^ unless A is constant everywhere. 



Chapter 4 

Spin-Spin Contact Interaction 



One interesting consequence of the Einstein-Cartan theory is the prediction of a 
contact interaction between spinning particles. In the introduction, we have briefly 
discussed the case of Dirac particles, see (|L^) and (p. .81). Since the contact interaction 
is coupled to the squareQ of the Planck length Z^, it is hopelessly too small to be 
detected in laboratory experiments ||Sto 85|| . 



However, at high matter densities in the early universe, this tiny interaction 
can become even stronger than the mass effects of the interacting particles, see e.g. 
|Heh 73| , |Heh 76|| . And, as was remarked by Kanno [ [Kan 88|| , at the high temperature 



predominant in this early epoch, the contact interaction becomes much stronger than 
the weak interaction: At a first glance, the contact interaction in ( |1 . 7|) seems to be 
only a certain copy of the weak interaction, when this last interaction is written 
in the phenomenological Fermi contact form, i.e. without the gauge bosons. Since 
the Fermi coupling constant of the weak interaction is about 1.2 x lO^^GeV"^, 
whereas the constant of the contact interaction is of the order 10~'^^GeV^^, one may 
conclude that it does not make sense to look for an observable effect of the contact 
interaction in the presence of the weak interaction. However, it is well-known that 
the standard model of the electroweak interaction posseses a phase transition, where 
the broken symmetry is restored above a critical temperature of lOOGeV, see e.g. 
Kir 72| , Pol 74\ , pin 92|| . Above this temperature, the weak interaction becomes a 



long-range interaction of equal strength as the electromagnetic interaction, and the 
current-current terms are no longer appropriate to describe the electroweak forces. 
On the other hand, the contact interaction term in the Einstein-Cartan theory 
persists regardless of the energy scale considered, since it is directly induced by 
torsion without any intermediating bosons.0 

In the early universe, when the density of spinning particles exceeded some crit- 



^Note that in (|L7|) we have l^/k = ll x fic. 

^If the energy scale is as high as the quantum gravity scale, then this remark may become 
incorrect, since then the geometry of spacetime (including torsion) must be quantized. 
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ical value, the contact interaction also leads to pair creations, see |[Ker 75| , |Rum 79| 



As was noted by Kerlick [|Ker 75|| , the required mass density is more than thirty 
orders of magnitude smaller than the density required for pair creation via tidal 
forces caused by the curvature of spacetime [|Zel 7CI|| . Thus, the torsion- induced pair 
creation effects are much stronger and more likely than the curvature effects, and 
must be taken into account in the discussion of the scenario of the early universe 
IKer 7511. 



The contact interaction might also influence the singularity behaviour |Paw 73 

IIRer 73 



of the universe. Whereas Kerlick 



concluded that torsion enhances sin- 



gularity, other authors came to the opposite conclusion, namely that the contact 
interaction prevents it, see e.g. Peh 74| , |Kuc 78| , [Nur 83| , [Kan 88| . 

We may say that the torsion-induced contact interaction has important conse- 
quences on the early stage of the universe. But so far, no prediction has been made 
which can be investigated by present astronomical observations. One reason for the 
uncertainty of the predictions is, of course, that the spin-spin contact interaction is 
very weak and takes place only in a small time interval during the early epoch of the 
universe. Another reason might be that quantum field theoretic investigations have 
been completely left out in most cases (see however [[Kan 88|| and [ pvo 85[| ). One 
reason for the omission of quantization is that Einstein-Cartan theory, like other 
gravitational theories, can not be quantized rigorously, that is, in a renormalizable 
way. Therefore, any quantization of the contact interaction is necessarily incomplete 
as physical theory. 

In this chapter, we shall try to step towards a more realistic view of the spin-spin 
contact interaction by quantizing it in the first Born approximation. 

First of all we must find such a contact interaction in our theory developed in 
chapter 2. This is done by considering a many-particle theory. It turns out that the 
resulting spin-spin interaction differs from the one of the Einstein-Cartan theory in 
not containing any self-interactions of fermions. 

In the next section we discuss the works of Kerlick [[Ker 75[| and of Rumpf 



Rum 79[| . These authors studied the shift of the energy spectrum of a Dirac particle 



due to a constant background torsion field. They both concluded that the contact 
interaction is attractive for the opposite spin direction of interacting fields, but 
repulsive for aligned spins, and that it does not depend on whether one considers 
matter or anti-matter; thus, one may speak of a "universal" interaction |[Ker 75 



Here we will apply these considerations to the contact interaction of our theory. The 
resulting energy shifts differ significantly from the results of the Einstein-Cartan 
theory. 

In the third section, we investigate the new spin-spin contact interaction as 
well as the ordinary contact interaction of the Einstein-Cartan theory by quantizing 
both interactions in the first Born approximation. As a result, neither interaction is 
"universal" as first proposed by Kerlick in |[Ker 75|| for the ordinary Einstein-Cartan 
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contact interaction. 



4.1 Many-particle theory 

4.1.1 The missing contact interaction 

In Einstein-Cartan theory the Lorentzian connection ( |1.5[ ) is influenced by spinning 
particles. It possesses a non-vanishing contorsion part built from the axial current 
ip'j^'j'^il), see ( |1.6| ). This contribution of Dirac fields to geometry results in the 
characteristic spin-spin contact interaction in the energy-momentum equation ( |1.7|) 
as well as in the Dirac equation ( |1.8|) . 

In chapter |] we have seen that the resultant connection (|2.27|) also contains a 



non-vanishing contorsion, now built from both vector and axial currents. But there 
we could not observe a spin-spin contact interaction like in the Einstein-Cartan 
theory. Neither the energy-momentum equation (|2.46d ) nor the Dirac equation 



( |2.46a| ) contain contact interaction terms, this being in contrast to the Einstein- 
Cartan theory. 

But this does not mean that there is no contact interaction at all. The reason 
for the absence of the contact interaction is that so far we have treated a classical 
single particle field theory: In the Dirac equation ( [^.36| ) the cubic self-interaction 
term 

u,+j;w = o (4.1) 

vanished due to the identity ( p. 3^ ). Now, let us consider the basic Dirac equation 

(EH, 



771 C i 1 

^riK - S^)^ - ir"^ + (2'^^' + 8^m7')7^^ = , (4.2) 

which is valid without refering to the field equations for the connection, but uses 
only the 4- vector decomposition ( p.l9| ). The last term containing the vectors and 
vanishes due to the field equation ( p.24|) and ( p.38|) . Now, if these two vectors 



have not only contributions from the same Dirac field ^, but also from some other, 
different, Dirac field, say x, so that for example [/^ = —il'^/4:{ip'j^'ip + Xl^lX): then 
we would obtain 

(X7mX + X7^7/.X7^)7''V' ^ (4.3) 



instead of ( |4.1j ) in the Dirac equation ( [4.2| ). 

Therefore, in order to observe the missing spin-spin contact interaction in our 
theory, we must consider a many-particle system. 
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4.1.2 Many-particle system 



To discover the spin-spin contact interaction we discuss a many-particle system 
consisting of spinors ipz with charges e{z)e, e{z) G H, and masses m^, where z is a 
counting index. In ( |2.15|) only the matter Lagrangian Cm changes. This Lagrangian 
now becomes a sum of Lagrangians for each spinor ijjz, its spinor derivative given by 
( p.56d|) with e = e{z), thus, 



Instead of the field equation ( p.21|) , we now obtain quite analogously 




(4.4) 



■J^iC^ + Cg + Cy) ■ 5\e'^^e,'' ■ - 



(4.5) 



1 



This equation can be handled just in the same way as in the discussion following 
( 2.21 ) by using the 4- vector decomposition and contraction techniques. For example, 
if we use the expression ( p.22| ) and contract ( [4.5|) with g^is, then we obtain now 

= til Y: e{z)i^z7'^. - 4/2 v;F^^ (4.6) 

z 

instead of ( 2.23c[) . In a similar fashion, we get for the vectors ?7", Q" and Vs 

-g° = ^" = -,/2/4^^^^>, and Vs = 3l',Y^,^'^s^Pz, (4.7) 



to be compared with ( |2.24] ). The resultant connection is formally the same as in 
( p.27|) , but the vector and axial currents occuring in ( p.28|) have to be replaced by 
the sums of individual currents via (|4.7|), thus, 



fib 



fib 



(4.8a) 



{%b} + -ll E (#.7>e,^ - ^e^V.TftV' - r?%6d^.7'7'V^.) • (4.8b) 



We remark, that ([4.6|) is the correct inhomogeneous Maxwell equation for the 
many-particle theory: In view of ( |2.26|) , (|2.47|) and ( p.49| ), we can rewrite it as 

E^We-?.7^^. = V;F^^. (4.9) 
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Let us now discuss the Dirac equation. It is easy to see that the Dirac equation 
( p. 341) suffers minor changes only, 

777 C i \ 

^7'^(V; + e{z)S,)i:z - -j^i^z + {^U, + -V.^'h^i^. = , (4.10) 



where the vectors and are now given by ([4.7|) . Thus, with the help of the 
identity (|]3D, this can be reexpressed as 

i^iy; + e{z)s,)iJz - -^^z - -il Y: (^.'7m^.' + = . (4.11) 

This Dirac equation contains clearly a spin-spin contact interaction, which, however, 
differs from the interaction in the Einstein-Cartan theory, cf. ( p..8|) . The interaction 
term in the Dirac equation ( |4.11| ) contains besides the axial currents also the vector 
currents and allows therefore only interactions between distinct particles. So, at 
least on the classical level, both contact interactions differ significantly. 

The field equation for energy-momentum (|2.43|) gains a new spin-spin interac- 
tion term Wap on the right-hand side,0 

= \{~U,U^ + ^^V,Vn (4.12a) 

= Tli:^o(EV^.7M^2EV^.'7^^.'+E^.7V^.E^.'7V^.')^?a/3 (4.12b) 

iO/C z z' z z> 

= E (V^.7/.^. i^z'l'^^z' + i^zl^li.i^z i^z'l^l'^i^z') 9a(3 , (4.12c) 

z^z' 

and also contains the energy- momentum tensors of the individual spinor fields ipz- 
The result is 

1 tnc 

^Glp = E —[i^zlai'^*^ + <^)Sp)i^z - (V| - e{z)Sp)ij,j^iJz + (« - P)] 

+ -j^l'^iSa-^Sfp — -gaisS^iyS^'^] ^ ^ 

If we compare this equation with the corresponding energy-momentum equation 
( |1.7| ) of the Einstein-Cartan theory, then, besides the additional contributions from 
vector currents in ( |4.12| ), also the doubled factor 3/8 instead of 3/16 occures. This is 
due to the summation of the various contact interaction terms, where each interac- 
tion between two distinct Dirac fields was counted twice, when the basic expression 
( [4.12a| ) is reexpressed through the individual currents via (^l7| ) as in (|4.12b|) . 

■^We leave out the detailed computations, since they are rather tedious. 
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As has been already noted in ||Hor 95||, the vanishing of the self- interacting 



terms in ( [4.12| ) and also in the Dirac equation (|4.11| ) are formally due to the identity 
( |2.38[ ) and have their origin in our special choice of Cm in ( |2.15| ), where the adjoint 
covariant derivative of ijj is missing. Usually, the matter Lagrangian is required 
to be real, necessitating the inclusion of both derivatives of ip and ip, cf. | |Heh 71[ . 
Since in ( p. 151) the Lagrangians Cg and Cy were already complex, there was no 
need to make Cm alone real valued by including the adjoint spinor derivative. Stated 
differently, if the Lagrangian of the Einstein-Cartan theory, which normally contains 
both dervivatives of ip and ip (see for example ||Heh 71|| ), is changed by omitting the 
adjoint covariant derivative of ip, then the self-interaction terms in ( |1.7| ) and in ( |1.8|) 
will change and become the same as in our theory. Thus, for the single-particle case, 
these interaction terms will vanish, and we must also consider in the Einstein-Cartan 
theory a many-particle theory to discover the spin-spin contact interaction. 



4.2 Apparent universality of the contact interac- 
tion 



4.2.1 Einstein-Cartan theory 



Kerlick [|Ker 75|| and Rumpf [p^um 79|| concluded that the spin-spin contact inter- 
action of the Einstein-Cartan theory is universal, that is, it does not depend on 
the matter type (whether particles or anti-particles) considered. It is attractive for 
Dirac fields with opposite spins and repulsive for aligned spins ||Ker 75| . 

To see how these authors argued in this context we briefly discuss the work of 
Rumpf ||Kum 79| |, p. 649, using our notations. Consider the Dirac equation (|T]^) in 
a special Riemann-Cartan spacetime with fiat metric = Tj^p like in Minkowski 
spacetime, but with non-vanishing torsion, thus. 



ihcYd^^^p - mc^i) + ^t^hcf^-f^-fs^p = 



(4.14) 



Here the axial current ip'y^'j^ip has been replaced by a background field j^^, so that 
the spinor ip loses its cubic self-interaction. This replacement means that the totally 
antisymmetric torsion field in ( |1.6| ) is solely caused by this background field. We 
may imagine that this axial current is due to a constant classical background Dirac 
field at rest, which in addition is polarized in the z direction. 






V J 



(4.15) 
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where n is the constant particle density. Noting that 

H := ihcdo = ihdt 



(4.16) 



is the Hamiltonian of the Dirac field ip in ( [4.14 ), we can first compute the axial 
current j^^ from ipbg and then reexpress ( [4.14|) as follows (see (p.3a| )) 



Hi; 



(4.17) 



Here the symbol V denotes the ordinary gradient vector, and 7 stands for 7 = 
(7^) 7^5 7^)- We can solve this eigenvalue equation by the ansatz of a free wave 
polarized in the positive (negative) z direction (A^ is a normalization constant) 



:= N 






V / 



and 



The energy eigenvalues of these two solutions read 



E- 



TT 



3 

mc^ H — llficn 



E- 



mc^ llhcn 



1 


V / 



exp(--p^x^ 



(4.18) 



(4.19a) 
(4.19b) 



where the arrow-subscipts at E denote the spin directions of the background field 
and that of the test particle. It may be easily checked that this result remains 
true if we consider Dirac anti-particles rather than particles as test fields ||Ker 75| . 



Since the energy level is raised (lowered) if the spins are parallel (anti-parallel) we 
may conclude that the spin-spin contact interaction is repulsive for aligned spins 
and attractive for opposite spins. Since this feature does not depend whether one 
considers ordinary matter or anti-matter one may speak of a universal spin-spin 
contact interaction. 



4.2.2 The new spin-spin contact interaction 

The situation encountered above changes if we consider the new spin-spin contact 
interaction in (|4.12|) . Instead of ( |4.14| ), we now have 

ihc'j^df.ij - mc^ij + \llnc{f + j'S^)7<5V^ = . (4.20) 
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Proceeding in exactly the same manner as above, we obtain for the energies of the 
test particles (see ( [B.5| )) 

= mc^ ; (4.21a) 
3 

= mc^ - 2 • -lo^cn . (4.21b) 
8 

Contrary to the Einstein-Cartan theory discussed above, there is no observable 
force between aligned spins, whereas the attractive force between opposite spins is 
now twice as strong as before. Furthermore, now the energy shifts of a test field 
describing anti- matter in a background torsion are not equal to ([4.21|) , but are given 
by (see (|B;§ and ([B^)) 



3 

E'^^ = mc^ + 2 ■ -llhcn ; (4.22a) 
E\^ = mc^ . (4.22b) 

We see here that opposite spins do not feel any force acting between them. However, 
the repulsive force between aligned spins turns out to be stronger than in ( [4.21 ) 



From (|4.21|) and (|4.22| ) it follows that the universality of the contact interaction is 



lost now: The energy shifts due to the contact interaction between an ordinary 
background matter field and a test particle describing ordinary matter differs from 
the case where the test particle describes an anti-matter field. 



4.3 Quantizing the contact interaction 

In the last section we have obtained the energy shifts of a Dirac field caused by 
contact interaction terms. This was simply done by finding the energy eigenvalues 
of the modified Dirac equations. One drawback of this procedure is that the Dirac 
fields are not second-quantized, so that their Fermi-Dirac statistics are completely 
disregarded. This is particularly unsatisfactory, since "the only source of torsion 
is intrinsic fundamental-particle spin. ... Thus, torsion is fundamentally a micro- 
scopic, quantum mechanically related phenomenon" [ Sto 85 1. 



In this section we therefore quantize the contact interaction term and investi- 
gate, how the resulting interaction Hamiltonian acts on various quantum two-particle 
states. In this way, we shall obtain more detailed informations about the shifts of 
energy levels of Dirac particles. For example, the contact interaction will turn out 
to be non-universal even in the case of Einstein-Cartan theory. 

The theoretical method applied for this study is simply the first Born approx- 
imation. Thus, we only consider first-order reactions caused by the contact in- 
teraction Hamiltonian. It is well-known that four-fermion contact interactions as 
considered here, which are of the similar structure as the phenomenological Fermi 
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interaction of the weak forces, lead to non-renormalizable theories. We will argue 
below why it is yet sufficient to study the contact interaction only in the first Born 
approximation. 

4.3.1 Interaction Hamiltonian 

We begin with determining the effective Lagrangian density of the many-particle 
system considered in the first section. For the sake of simplicity, we take a two- 
particle system consisting of two arbitrary charged Dirac spinors tpi = ip and iIj2 = Xi 
having masses mi = m and m2 = n and charges Si and £2? respectively. Now, if 
we insert the field equation (|2.27 ) for the connection together with ( |4.7| ) into the 



basic Lagrangian density ( [4. 41 ), this Lagrangian density may be reexpressed (see eq. 
(gl|) to (pTfD ) as 



ZTTT-C %TIC 



f 31'- - (^-^^^ 



The last term is the spin-spin interaction Lagrangian denoted henceforth by 

3 /4 _ _ 

^/ = g^-^Vl'li^i^Xl^'x + ^7'7/.^X7Vx] • (4.24) 

Since we want to investigate only this contact interaction, we neglect the effects 
of gravity and electromagnetism. Thus, we set the charges to zero and employ from 
now on fiat Minkowski spacetime with constant Minkowski metric 

5-^^ = ?7a.^ = diag(l, -1, -1, -1) . (4.25) 

Thus, now the density factor g in ( [4.24|) equals 1 and therefore may be omitted in 



To obtain the interaction Hamiltonian Hj to be quantized in the following, we 
must subject ( |4.24| ) to the well-known Legendre transformation 



H = I dl^Tiadt^Pa- C] , (4.26) 



where L is an arbitrary Lagrangian density, depending on general fields, here denoted 
by 0a. The fields tTq denote the conjugate fields. 
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see for example ||Itz 8CI|| . Since in Cj in ( |4.24| ) there are no derivative terms present, 
we obtain the corresponding interaction Hamiltonian simply by the change of sign, 



3/f 



(4.28) 



Here the space integration is to be performed only in a volume V in order to obtain 
finite results later on. 



4.3.2 Quantization procedure 
Notation 

We quantize the Dirac fields if) and x using the usual canonical quantization pro- 
cedure fltz soil . Our notation is as follows: The operators if) and x ^^e expanded 
in terms of c-number plane wave solutions -u, f , s, and w of the ordinary Dirac 
equations in the Minkowski spacetime and operator- valued amplitudes a, a\ b, b\ 
c, c\ d, and d\ 



X 



dj) 



m 



(27r)3 pO L rp 

dj) 



-ipxl 



n 



'tpxl 



(4.29a) 

(27r)3p0 L-'r-p-^'-V-f'^'^ ' -r-p-r-V/-/- J- (4.29b) 

We have suppressed the summation over the spin r, which takes the value r = 
+ 1 when the spin is parallel to the positive x^-direction and the negative value 
r = — I when the spin is anti-parallel. Further, p denotes the 4-momentum with 
the condition p^ = y/m?~+^ > in ( [4.29a| ) and p° = -y/n^ + p ^ > in ( |4.29b|) , 
respectively. The plane wave solutions u, v, s, and w are explicitly given in ( [B.19|) 
and were taken from [[Nac 90|| . The pleasant feature of these plane wave solutions is 
that the waves describing the anti- matters, v and w, have the right spin directions: 
For example, v^i/2{p) describes an anti-matter wave solution with its spin in the 
positive x^-direction. For our purposes here, we do not need the explicit expressions, 
but only the normalization conditions. These are given by (see ||lNac 90| and ( |B.19| )) 



and 



Ur{p)Ur'{p) = -Vr{p)Vr'{p) 
Sr{p)Sr'{p) = -Wr{p)Wr'{p) 

Ur{p)YUr'{p) = Vr{p)YVr'{p) 
Sr{p)l^Sr'{p) = Wr{p)l^Wr'{p) 



V ^5rr' ] 



m 
n 



(4.30a) 
(4.30b) 

(4.31a) 

(4.31b) 
(4.31c) 
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In calculating the energy shifts below, the following axial vector expression built 
from an arbitrary 4- momentum with intrinsic rest mass M := ^/pPJ)^ becomes 
useful: 

P ■ p^p^/ijP + M) 

V p^p^/ Ip^ + M) + M j 

We can then employ this axial vector to express the axial currents of the plain wave 
solutions, see eqs. ( p:20|) to (^]23D 



(4.32) 



^r(p)7^7^M^(p) 

ST{p)l^l^Sr{p) ■■ 



-Vriph^YMp) 
-Wr{p)j^'j''Wr{p) 



m 

^V'^-p^^ 
n 



■ r 



±- 



±- 



1 



(4.33a) 
(4.33b) 



Note that p^'^ are not equal in the both formulae, since the rest masses of the particles 
are different in (|4.32| ). Also, if we insert the explicit formula ([4.32|) into ( ^4.33|) , we 
see that the p^ component of the 4-momentum p^ is not treated in the same way as 
the other two space-like components p^ and p"^. The reason is simply that we have 
chosen the plane wave solutions to be polarized entirely in the direction and thus 
distinguished this space direction. 

The operator-valued amplitudes a, , b, h\ c, c\ d, and S satisfy the anti- 
commutation relations |[Nac 90| 



i2nf^6'ip~p')6rr' ; 
m 



{Crp,clp'} = {drp,dlp,} = {2Txf^5^{p-p')5r, 



(4.34a) 
(4.34b) 



where all other anti-commutations vanish. The interpretations of these operators 
are as usual: For example, aj^ generates a particle having 4-momentum p and x^- 
component of spin r, whereas fej^ generates the corresponding anti-particle state 
with the spin also in the x^-direction. 



Quantization 

We quantize the interaction Hamiltonian ( ^.28| ) according to the canonical quantiza- 
tion procedure. Thus we merely replace the fields ip and x ^"^^ their adjoint fields by 
the corresponding operator expressions ([4.29a ) and ( [4.29b|) , respectively. However, 
to yield finite results, we must normal- order the operator expressions. Denoting this 
normal-ordering by : we obtain the following interaction Hamiltonian operator: 

3/^ /■ — — 
= - g-^ : ^1^.^X1^X ■■ + ■■ ^7'7/.^X7Vx : ] • (4-35) 
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We remark that this operator expression does not vanish even if x is replaced by ijj 
and X by ip, that is, if the contact interaction is considered between the same kind 
of particles. This feature differs of course from the classical expression Hj in ( [4.28| ), 
which vanishes for identical Dirac fields due to the Pauli relation ( |2.38 
if we had written the interaction Hamiltonian operator as follows, 



Note that, 



Hr = - 



311 
8 k 



V 



(4.36) 



we would have obtained infinite results, because the field operators ip and %l) on the 
one hand and x ^i-nd x the other hand are taken at the same spacetime point, as 
can be verified by an explicit computation. 

Note also that the corresponding interaction Hamiltonian operator Hect for 
the spin-spin contact interaction in the Einstein-Cartan theory reads 



H 



ECT 



lit 

8 k 



(4.37) 



Whereas the vanishing of the vector current contribution in comparison with ([4.35|) 
is clear from the classical interaction expression in (|1.7| ), the appearance of the same 
factor 3/8 seems strange, if we compare the classical expressions ( |1 . 7| ) with ( |4.12| ). 
However, to study the spin-spin contact interactions of our theory and that of the 
Einstein-Cartan theory on the equal basis, we must consider in the Einstein-Cartan 
theory also a many-particle theory instead of a single-particle theory as presented 
in the introducing chapter. If this is done, then the torsion Tap^y in ( |1.6| ) is no longer 
produced by only one Dirac field ip but by the sum of many different fields. In the 
same fashion as explained in connection with ( |4.13| ), this leads to the double factor 
3/8 in (|r3) instead of 3/16. 



4.3.3 Evaluation on two-particle states 



To investigate the energy shifts of the two-particle system (^4.23|) due to the contact 
interaction we evaluate the expectation values of the interaction Hamiltonian Hi 
between the following two-particle states: 



ll) 


— cjgaj,/g, 0) ; 


(4.38a) 


|2) 


= <&Jvlo); 


(4.38b) 


|3) 


= clql>\i q'\^) ; 


(4.38c) 


|lo) 


= aj^a|!,g, 0) ; 


(4.38d) 


|2o) 


= 0) ; 


(4.38e) 


|3o) 


= ^WyIo). 


(4.38f) 



74 



CHAPTER 4. SPIN-SPIN CONTACT INTERACTION 



The first state |1) consists of two particles of different kind, tfie second state |2) 
is built from two anti-particles, and the third state |3) contains one particle and 
one antiparticle. The last three states |lo), |2o) and |3o) describe corresonding 
two-particle states consisting of two identical particles (but of course in different 
states) . 

The calculations of the expectation values of Hj ( [4.35|) are standard, see p.4 . 
We introduce the symbol 

^(-'0:={ ^Iff^j;! (4.39) 

and obtain 



{l\Hj\l) = 


o ;4 






(4.40a) 


8 kVmn 


{2\Hj\2) = 


3 /4 


q^q'f, + a{r, r 




(4.40b) 


8 kVmn 


{3\Hj\3) = 


3 




; 


(4.40c) 


8 kVmn 


{lo\Hi\lo) = 


3 


q^'q'^ + (^(r, r') 




(4.40d) 


2 A;Vm2 ^ 


{2o\Hj\2o) = 


3 


+ ^(^ '"O 




(4.40e) 


2 A;Vm2 ^ 


{3o\Hi\3o) = 


3 


-q^q'^, + (y{.r, r') 


• 


(4.40f) 


2 fcym2 ^ 



In the first three expectation values, which are taken for two different kinds of 
particles, the first term p^p'^ exactly corresponds to the vector-vector term in Hi 
( 4.35 ), whereas the second summand a{r, r')q^^q'^ is exactly the axial-axial term, cf. 
( [4.33|) . On the other hand, such a simple decomposition does not apply for the last 
three expectation values based on two identical particles: In order to obtain these 
simple expressions ( |4.40d|) to ( [4.40i[ ), one has to use the Fierz transformation rule 
(see [B.4D to order the entanglement of the various plain waves, which has its origin 



in the exchange degeneracy of identical fermions. Also, due to the greater statistical 
freedom of an identical particle system, the last three expectation values are 4 times 
the first three expressions. 

The expectation values for the Hamiltonian Hect ([4.37|) of the Einstein-Cartan 
theory read (cf. |B.4|) 

{2\Hect\2) = -|^|a(r,r')rt?]; (4.41b) 
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[1o\Hect\Io) = -^^Jf^[2m' + qW, + Mr,r')q'%']; (4.41d) 
8 kVm'^ 



mHECTlS) = -^T±-HryWW,'] ; (4.41c) 



{2o\Hect\2o) = --^^[2m' + qX + 3a{r,r')q'%']- (4.41e) 
{3o\Hect\3o) = -^Jl^[2m'-q% + 3a{r,r')q'W^]. (4.41f) 



The first three expressions ( |4.41a| ) to (f4.41c|) can be obtained simply by neglecting 



the vector-vector interacton parts in the corresponding results ( |4.40a| ) to ( [4.4Qc| ) 



This can be directly understood in terms of the underlying expressions for the inter- 
action Hamiltonian Hj and Hect, which differ only in the vector-vector interaction 
term. On the other hand, such a simple understanding can not be given for the last 
three expressions in ( |4.41| ). 



4.3.4 Discussion 

Let us first discuss the contact interaction between different kinds of particles. 
Whereas (|4.40a| ) to ( [4.40b| ) are obviously non-universal, the corresponding expecta- 



tion values of the Einstein-Cartan theory ( [4.41a| ) to ( [4.41c|) are universal, that is, 
they do not depend on whether one considers particles or anti-particles. Further- 
more, if both interacting particles are at rest, then q^^q'j^ = —mn, as can be easily 
verified with the help of ( |4.32| ). Thus in this special case, the interaction energy 
increases (decreases) for aligned (opposite) spins in accordance with the result of 
the consideration in ([4.19|) . 

But when two identical particles interact, then we see from ( [4.41d| ) to ( 4.41f ), 



that the contact interaction fails to be universal also in the Einstein-Cartan case. 
Contrary to the new spin-spin contact interaction in ( ^.40 dp to ( [4.40f[ ), where merely 
a symmetry factor 4 is needed to adjust the formulae to the case of identical parti- 
cles, the interaction energy in the Einstein-Cartan theory gains some miscellaneous 
contributions due to the Fierz transformation (see ( p.28 )). For example, let us 



consider non-relativistic identical particles both having no momentum in the x^- 
direction, that is, |^, <^ m and q^ = q'^ = 0. Then, from ( p.30|) , we obtain for 
the Einstein-Cartan case 

{1o\Hect\Io) = l^iH^iry) - 1) - ^1^] , (4.42) 
and, for the new contact interaction, a quite similar result: 

(l^l^^ll-) = Iwi^^i^y) - 1) -4^^^] • (4.43) 
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We observe, that in both cases the interaction energy is negative. Thus, it is possible 
that the contact interactions among identical particles with aligned spins could be 
attractive in contrast to the statement made by Kerlick, cf. ( [4.21| ). 

We may say that the spin-spin contact interaction of the Einstein-Cartan theory 
is in general not universal and it is not always true that aligned spins repell. 

Note that the new spin-spin contact interaction does not allow for self-interactions 
among spinors already on the classical level in contrast to the ordinary contact in- 
teraction of the Einstein-Cartan theory. 



4.3.5 Justification of the first Born approximation 

The Born approximation of the contact interaction can also be found in the work 
by Kanno |[Kan 88||. But contrary to our approach, he computed the expectation 



value of the contact interaction energy for many-particle states with high matter 
density. Thereby he assumed that these states can be approximated by summing up 
the free wave states of each particles. He concluded that there occurs a matter-anti- 
matter segregation due to the contact interaction. In my opinion, his approach is 
not correct since at high densities, a quantum-mechanical many-particle system with 
torsion can not be approximated by a sum of plane wave states: At high matter 
density, the torsion ( |1.6| ) becomes non- negligible and changes the Dirac equation 
( |1.8|) significantly. Therefore, plane wave solutions of the ordinary Dirac equation 
(without the cubic interaction term) do not approximate solutions of the Dirac 
equation with torsion. Thus, it makes no sense to take an expectation value of the 
interaction Hamiltonian between free wave states, since no such states exist at high 
density. 

On the other hand, we have studied the contact interaction between two par- 
ticles, so that the matter density is negligible and the plane wave solutions really 
approximate the solutions of the Dirac equation (cf. (|4.10|) ) very well. 

Let us now justify why it is legitimate to consider only the first Born approxi- 
mation of the contact interaction. It is well known that the phenomenological Fermi 
contact interaction describes the weak interaction very well at low momenta. To be 
more precise, the description of the weak force by the contact interaction is valid 
for energies up to the critical value 1/ y/Gpermi ~ 300GeV, see for example fltz 80 



If this value is exceeded, the phenomenological contact interaction violates the uni- 
tarity. Now, since the torsion-induced spin-spin contact interaction has a coupling 
constant, which is of the order of the squared Planck length^ it is legitimate to con- 
sider the first Born approximation for energies up to the Planck energy 2.4-10^'^GeV. 
But at this enormously high energy, or, equivalently, at the Planck scale, we would 
need a quantum theory of gravity to describe the physics properly. If we restrict 



"Note that in (g^ ) l^/k = ■ he. 
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ourselves to energies below the Planck scale, then the first Born approximation of 
the contact interaction is physically sensible. 



Chapter 5 

Summary and Outlook 



5.1 Summary 

In the preceeding chapters I have reexamined and improved the unified field theory 
of gravity and electromagnetism developed in my diploma thesis |[Hor 94|| . Fur- 



thermore, the special spin-spin contact interaction predicted by this theory was 
investigated in detail. 

Although the theory presented here was motivated by earlier works on uni- 
fied field theories [[Bor 76a| , |Mof 77| , |Kun 79| , |McK 79| , [Fer 82| , jJak 85|| , in which the 



torsion trace of a real linear connection was identified with the electromagnetic 
vector potential A^, the new theory comes to completely different conclusions: In 
this new theory, the linear connection resulting from the field equations is complex- 
valued and it is not compatible with the metric, where this failure of compatibility 
is caused by a vector part of the connection (the so-called non-metricity vector). 
According to the geometrical background of the new theory, this vector 5*^ can be 
unambiguously detached from the tangent frame bundle of the spacetime manifold 
and then identified with the electromagnetic vector potential on a trivial U(l) bun- 
dle. Contrary to this truly geometric identification, the relation between the torsion 
trace and the vector potential on the tangent frame bundle can be obtained only if a 
special U(l) gauge is chosen and held fixed on the U(l) bundle. For this reason, the 
long-standing relation between the torsion trace and the electromagnetic potential 
is merely a formal consequence of the geometrical background underlying the new 
theory. Furthermore, due to this geometry the whole complex connection result- 
ing from the field equations can be decomposed into the vector potential S"^ and 
a Lorentzian connection compatible with the metric, this being done by means of 
pull-back techniques. If we consider the torsion trace of this Lorentzian connection 
part only, it is not related to electromagnetism even formally. Thus, in the end, 
the torsion trace is not related to electromagnetic phenomena at all. However, it 
is important to note that this conclusion can only be drawn with the help of an 
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investigation of the special geometrical background of the new theory. 

This geometrical background has been explained in chapter 3 in every de- 
tail, thereby clarifying several difficult properties, which were not mentioned in 
the diploma thesis ||Hor 94 1: First, the notion of a complex spin geometry and its 
relation to the usual spin geometry has been explained rigorously. Secondly, the 
pull-back procedure, by which an unique spinor derivative can be obtained from 
any complex linear connection, has been improved. Thereby it was shown why the 
U(l) principal bundle accounting for the electromagnetic phase transformation is 
necessarily trivial in the geometrical framework of our theory. Also, the roles played 
by different "intermediate" bundles in this pull-back procedure has been clarified 
in detail. Thirdly, the decomposition principle of the linear connection, by means 
of which it is possible to obtain a meaningful theory of electromagnetism, has been 
elaborated. Forthly, the properties of the U(l) gauge transformation in the geomet- 
rical framework has been investigated. From this gauge structure, we were able to 
see why it is necessary to detach the U(l) vector potential from the tangent frame 
bundle and to pull it back onto a trivial U(l) bundle: If, instead, the U(l) gauge 
transformation is considered on the basic tangent frame bundle of the spacetime 
manifold, every covariant vector field gains a negative elementary charge, which is 
clearly unphysical. Also, the same reasons show why it is impossible to introduce 
a formal U(l) gauge transformation, the so-called A-transformation, for the torsion 
trace. 

Besides these electromagnetic and geometrical aspects, the new theory also in- 
corporates a spin-spin contact interaction between spinning particles. This property 
is shared by none of the unified field theories proposed before and is one of the salient 
features of the new theory. The contact interaction is also a characteristic feature of 
the Einstein-Cartan theory, and has its origin in the spin-torsion coupling, by which 
the spacetime geometry can not only respond to mass-energy via the curvature, but 
also to spin via torsion. These properties of the spacetime together with the geo- 
metric interpretation of electromagnetism of our new gravitational field theory lead 
to the conclusion that the spacetime geometry is able to interact with three basic 
features of elementary particles: Mass-energy, spin, and electromagnetic charge. 

Contrary to the ordinary axial current contact interaction of the Einstein- 
Cartan theory, the new contact interaction has contributions from both the axial 
and vector currents of Dirac spinors. This has the effect that now there are no 
self-interactions among Dirac fields as was the case in the Einstein-Cartan theory. 
This feature respects the quantum nature (Fermi-Dirac statistics) of elementary 
fermions already on the classical, i.e. not second-quantized, level, and makes the 
new contact interaction more favourable than the ordinary one. By regarding the 
energy eigenvalues of test fields in an background torsion field, the new spin-spin 
interaction turns out to be non-universal in contrast to the ordinary one: Now the 
interacting force between particle fields is different from the corresponding force be- 
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tween a particle and an anti-particle field. This difference persists if the contact 
interaction is quantized. 

The contact interaction has been investigated further on the quantum level by 
means of the first Born approximation, similar to the phenomenological Fermi con- 
tact interaction of the weak forces. It turned out that both the new and the ordinary 
contact interactions, upon quantization, are non-universal in the case of identical 
particles interacting with each other. And in this case, if the particle momenta are 
small, both contact interactions have similar structure and are attractive regardless 
of the spin directions of the interacting particles. This result is in sharp contrast to 
the common opinion ||Ker 75|| , that the contact interaction is attractive only if the 
spins are opposed, but repulsive if they are in alignment. 



5.2 Future research 



5.2.1 Weak interaction 



Since the unified field theory considered in this work enables the spacetime geometry 
to interact with three fundamental properties of elementary particles, namely mass, 
spin, and charge, it is natural to ask whether it is possible to incorporate the weak 
forces into the geometrical framework provided by this theory. 

If we stay on the non-quantum level, this can be hardly achieved by the present 
theory itself, since the theory does not contain charged vector boson fields as re- 
quired for the Weinberg-Salam theory. Thus, it seems necessary to further enlarge 
the spacetime geometry, using, for example, an arbitrary covariant spinor derivative 
instead of a spinor derivative built from a complex linear connection. This specula- 
tion is confirmed by a survey of unified theories of gravity and electroweak interaction 
based upon the "geometry of the tangent bundle" instead of a spin structure: With- 
out exception these theories [|Bor 76b| , |Nov 85| , |Bat 84| , |Yil 89| , |Bat 90| , |Nov 92|| are 
not acceptable as realistic physical theories. 

The idea of using an enlarged spin structure for the unification of gravity and 
electroweak forces is not new and has already been considered in many works, see e.g. 
INov 73L 



175^, pnrgTi PET 



But in all of these works, there is one significant 
problem which could not be solved rigorously: In the Weinberg-Salam theory, the 
charged VT-boson couples to electron and neutrino via the interaction term (cf. 



Ren 9q| ) 



To obtain such an interaction between different spinor fields and a connection part 
using the concept of an enlarged spinor derivative, it is necessary to introduce a 
SU(2) theory of the pair of spinors {ipu, ipe) explicitly or in a different, more indirect 
manner. But if this procedure is followed, the "unified field theories" of gravity and 
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the weak forces are by no means superior to the standard Weinberg-Salam theory 
itself, because such a "unified theory" can also be obtained much more easily by 
embedding the standard model into the pseudo-Riemannian geometry of general 
relativity and adding the Einstein-Hilbert Lagrangian — ^-R* to the Weinberg- 
Salam Lagrangian. 

Thus, the concept of an enlarged spin geometry alone would not lead to a 
satisfactory unification of gravity and weak interaction. In my opinion, it is necessary 
to consider a quantum field theoretic approach together with the enlarged spin 
geometry rather than a classical field theory alone. First hints in this direction 
are provided by the dynamical electroweak symmetry breaking (for a recent review 
see [[Kin 95|] ) , where the electroweak symmetry is broken by a vacuum condensate of 
fermions. This fermion condensate has its origin in a four-fermion contact interaction 
(cf. |[Lal 92|| ) like in the Nambu-Jona-Lasinio model ||Nam 61j] . Since the new spin- 
spin contact interaction of our theory is very similar to the contact interactions 
considered in the theories on dynamical symmetry breaking, it seems possible that 
the torsion of the spacetime geometry is related to electroweak symmetry breaking. 



5.2.2 Contact interaction 



So far, the effects of the spin-spin contact interaction on cosmology have been ex- 
amined mainly on the classical, that is, non-quantized, level, see for example the 
references [|Kop 72| , {Tia 73| , |Heh 74| , |Ker 75| , |Kuc 76| , |Kuc 78| , |Nur 83|| . Also, the 
quantum approach of ||Kan 88|] does not seem to be consistent, as we have argued 
in 4.3.5. 

To study the effects of the spin-spin contact interactions in the early epoch of 
the universe, where the matter density was enormously high, we must evaluate the 
thermodynamical average of the interaction energies due to the contact interactions. 
This is not as straightforward as in the ordinary case, since the contributions from 
the non-flat metric and the spacetime curvature can not be neglected. 

Another interesting point is the following: The spin-spin contact interaction 
modifies the energy-momentum equation of ordinary general relativity by the tensor 
Waf3, which has a form similar to the contribution Agajj of the cosmo logical constant 
A in the Einstein's field equation, cf. (|4.12| ). If this similarity is taken seriously, 
then we would obtain a cosmo logical constant, which is proportional to the current- 
current interaction terms in Wap- This would imply a time-dependent cosmo logical 
constant, whose value would have been very high in the early epoch of the universe, 
where the matter density has been very high, and whose actual value for the present 
universe is nearly zero. Such a time-dependent cosmological constant is supported 
by string theoretic considerations |[Lop 95| . 



Appendix A 

4- Vector Decomposition 



Let Sq,/3^ be an arbitrary third rank tensor, which might be real or complex valued. 
Given Sq,/3^ we can define four contravariant vectors Qa, Sp, f/^, and Vs and a tensor 
rest Ta/B-y in the following way: 



1 r 



-'a/37 



5S, 



7 e 



(A.l) 
(A.2) 



where S[q,^^] means the antisymmetrization of its indices, and is given by Vg 



2?7a/375 • E"^''', ?7q,/3^5 being the volume element (|2.4D. Note that this decomposition 
is possible if and only if a metric g^j^^, is given. From ([A.l|) we conclude 
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Similarly, T'^/je = 



= 0. Furthermore from (|A.1|) it also follows 



[a/37] 



1/37] 



+ T| 



a/37] 



T 



a/37] 
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(A.3) 



(A.4) 



This tensor rest Tq,/?^ has no trace part nor an antisymmetric part. Since the original 
tensor Eq,/?^ has 4^ = 64 degrees of freedom (in the real case) and the four vectors 
take away only 16 degrees, the tensor rest still has 48 degrees of freedom. An explicit 
example for such a tensor rest is given by 



/37 



v:5/37 



■^{C 13 day 



CyQa 



(A.5) 
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where Bp^ is an antisymmetric tensor given by the total differential of a vector field 
by Bi3^ = dpB^ — d^B^, and Cp is another vector field satisfying an "inhomoge- 
neous Maxwell equation" = V*B^'^. It is easy to verify the conditions ( |A.3| ) and 
( [A .41) . From this example we may conclude that the tensor rest possibly contains 
interesting structures. But these are of no relevance to our theory yet since T^^^ 
does not couple to spinorial matter, see ( p.34|) , but appears only in the gravitational 
Lagrangian part Cg, see ( [^.221 ). 



Appendix B 

Computations in Chapter 4 



B.l Non-quantized Dirac field 

Throuout this chapter we employ the Dirac representation defined by 
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-a^ 



a = 1,2,3, 7' 
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, (B.l) 



where the Pauh matrices can be found in ( p.37 ). For the special background Dirac 
spinor given in ( |4.15| ) we immediately obtain the results 
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:B.2b) 



Note that the vector current j*^ is time-like, whereas the axial current j^'^ is a space- 
like vector. Using these expressions, we calculate 
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(B.3a) 
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-llhcn 



f \ 
0-200 



V -2 / 



-llhcn ■ Tj 



(B.3b) 



The minus sign in front of 7^ comes from 7^ = rjab'y^- With the resuh ( |B.3a| ) it is 
straightforward to obtain ( [4.17|) from ( ^4.14|) . 

We do not compute the energy eigenvalues of the Einstein-Cart an theory given 
in (|4.19| ) but only those of the new contact interaction given in ([4.21|) and ( [4.22|) , 
since the computations are very similar. For this purpose, we replace in ( [4.17| ) the 
interacting matrix tect by tj in ( |B.3b| ) and put in the special plane wave spinor ip^ 
( [4.18|) . Since we will only consider test particles at rest, we assume in i/^i that the 
3-momentum {pi,P2,P3) vanishes. We then obtain 



cp^'ipl = {rnc^'j^ + -l1hcnTi)ip^ . 
8 



(B.4) 



Denoting the total energy by E^^ = cp'^, this eigenvalue equation is equivalent to 
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Thus we obtain E- 
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(lOTil ). Similarly, E- 
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To obtain ( [4.22|) , we use the anti-matter plane waves given by 



2- lichen (i;2Tg). 
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and 
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(B.6) 



where the up-arrow and down-arrow indicate the spin directions of the plane waves 
cf. pitz 80| |. Using these plane waves instead of ip-^ and ipi we immediately obtain 

(B.7) 



instead of (|B.4|) 



cp^ipt 



[—mc^j^ H — l'lhcnTi)ip\ 



T ' 



from which we obtain ( |4.22a| ). The interaction energy for opposite spins ( [4.22b| ) can 
be derived in a similar fashion. 
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B.2 Interaction Hamiltonian 



In this section we shall derive the effective Lagrangian ( [4.23| ) in order to obtain 
the interaction Lagrangian Cj in ( |4.24| ). The original Lagrangian is given by 
which contains two spinor fields ip and x and their adjoint fields. 
First, we introduce the abbreviations 



(B.8) 



Next, we write down the connection components obtained by considering its field 
equation. From ( [4.11|) , we obtain 
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We now insert this result step by step into the three Lagrangian parts Cm, Cq and 
£y given by ( |4.4| ) , see also ( p.l5a| ) . The matter Lagrangian Cm consists of the two 
individual Lagrangians for the spinors ip and Xi denoted henceforth by Cmxi) and 
Cmxi respectively. We have 



Cm^ = • M#7^(^/. - ^r.^fe^'^'^ + ^r%)^ - 
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+ g-hci[- -{QaVcb + UbVca - —eacbdV'^)i)-i^(J^^i)] . 
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To evaluate the last term in (p.ll| ), we use the following algebraic identity among 
7" matrices (cf. | |Heh 71|| , see also [ [Hor 94| j) 



(B.12) 



Remembering that a*" = |(7''7'' — 7''7''), we get for the last term in ( [B.ll| ) 
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where we have used = hck. Similar results hold for the other matter Lagrangian 
Cmx- Adding both partial Lagrangians we obtain 



h 

Next, we insert (|B.9|) into Co and obtain 



h 



(B.14) 



= -^R = -^[R* + 3v;(g^ - un + siu.u^ + q,q^ + au,q^) + ^v,v^] . 

(B.15) 

This result can be found in ||Hor 94|| . It can be verified in a cumbersome computation 
that the derivative term 3V*{Q'^ — U^) vanish, if we take into account the Dirac 
equations for ip and x- Then, by inserting ( [B.1CI| ) into ( [B.15| ), we get 

Cg = -^R* - 9 ■ ffik,f + k\f^) . (B.16) 
For the third Lagrangian part Cy, we have simply 

jCy = 9^S^,S^'' . (B.17) 
Finally, adding the results {BJ§, (BM) and pT^) yields exactly (03). 



B.3 Spinorial algebra 



The plane wave spinors used in chapter 4 are taken from ||Nac 90|| but with a little 
change in the normalization constant. We first define 



Then, 



1 




Ur{p) 
Vr{p) 
Sr{p) 
Wr{p) 



^-1 





1 



Ip" + m 
2mV 



p^^+rriX'^' 



2mV 



^Xr 



IP" + n 
2nV 



Ip^ + n 
2nV 



Xr \ 

( pO+^^^''' 
V ^Xr 



1 
-1 



I P' + ^ ( ^^Xr 



(B.18) 

(B.19a) 
(B.19b) 
(B.19c) 
(B.19d) 
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The use of the 2 x 2-matrix e results in the correct spin directions of the anti-matter 
waves: All spinors above have exactly the same spin direction determined by p and 
r, see llNac 90 . 



We shall now derive the formula (|4.33| ). Using the Dirac representation (|B.l 
of the 7-matrices and (|B.19aD we have 



p + m 
2mV ' 



ap 



'X.r 



(B.20) 



Note that there are no differences between the anholonomic 7-matrices 7" and the 
holonomic ones 7^^, since we are working in fiat Minkowski spacetime. We first derive 
the 0-th component 
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ap 
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-p 
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Xr 



mV 
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(B.21) 



Next, we consider the other three components: 



Ur{,p)l lUr{p) 



p + m 
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Xr 
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{Bp)a{ap) 



:Xr 



2mV{p^ + m)'^' 2mV 
Using this identity we obtain for the first component 



p^ + m I ^ 

Xl(^Xr 



(B.22) 
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(B.23) 



mV{p^ + m) 

Similar considerations for the other two space-directions lead to the result ( |4.33| ). 

Note that ip'^^'^^ip is always a space-like vector. Indeed, we obtain for the 
special expression ( |4.32| ) 



3\2 



(pO + Mf 



(pO + M) 

2M(p3)2 

+ M) 



M 



(B.24) 
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For the calculations of the interaction energies, the following identity has been 
be used (compare ( [B.19|) ) 

B.4 Expectation values 

We shall now calculate the expectation values of H[ and Hect- First we consider the 
Einstein-Cartan case with identical particles ( [4.41d| ): Introducing the abbreviation 



dp ■= — ^— B.26 



we obtain 



3lj 

8 k Jv' 
31 



{1o\Hect\1o) = -^f /^(Ola^Yflrg : V'tV^^tSmV' : <«JvlO) 



8 i^X//// 



3 

= 2M,(g)7VMr'(9')Wr'(g')7'7MWr(g) 

- 2uriqh'ruriq)uriq'h'^^uriq')] . (B.27) 

To obtain the last line, we have used the anti-commutation relations of the creation- 
and annihilation-operators ( [4.34| ). We use the following special case of the Fierz 
transformation (see e.g. |[ltz 80|), 



V'7^7''X X7^7m^ = -^V^XX-^V'7''V'X7/.X+^7^V'X7^X-^V'7VV'X7^7mX , (B.28) 
and the identity (p.25| ) to reexpress the last line (|B.27|) in the following way: 

(lo|if£;cT|lo) = -^^V[ur{q)'y^'y^Ur{q)ur'{q'h^'y^,Ur'{q') - Ur{q)Ur{q)Ur'{q')Ur'{q') 
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31 
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m m 



a{r, r')] 



(B.29) 



where ( [4.30| ) to ( f4.33| ) were used in the last hne. This expression is equal to ( |4.41dD . 

The computations of all other expectation values in ( ^4.40|) and ( [4 .411) are similar 
to this example and are therefore left out. 

To obtain the expressions ( |4.42| ) and ( |4.43| ) we need the following relation valid 
for small momenta -Cm: 



m'^ + (p y m'^ + q' — qq' 



(B.30) 
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